An Algorithmic
Approachto Manifolds

An analyticalapproachto form modellingasan introductionto
computationamorphology

Rémi Barrére

An algorithmic approachto manifoldsis presented.The initial purposewasto blend
geometricand symbolic aspectssoasto equip computer assisteddesignwith
symbolic capabilities. Neverthelessthis investigation aims more generally at
providing a uniform treatment of analytical geometryand field analysis,in view of
applicationsto physics,systemmodelling and morphology. This computational
approachis basedon a reification of parametric plotting commands.

After apresentationof the data structure, the core of the paper describesa range of
operators for the manipulation of manifolds. It stressegheir potential usein shape
designand scenedescription, in particular their ability to supersedeseveralgraphic
packagesAs such,the data type constitutesthe foundations of a computational
morphology. Then, various extensionsare discusseddistributions and fields, mesh
generationfor finite elementsoftware and the prospectof an extensionof the vector
analysispackage,with emphasison tensorsand differential forms.

Introduction

Q-

Computeralgebraandsymbolicprogramminghaveintroducedanalyticalcapabilities
into manyareasof scientificcomputing:discretesystemsalgebraandsummation,
calculusanddifferentialequation®. Neverthelesdittle benefithasbeengainedin shape
design;researchem thatdomainhavestimulatecdthe evolutionof computerassisted
designbut sofar, thesetoolshaveincludedno or little symboliccapabilitiesandmost
CAD softwareis still developedwith proceduralanguagesindnumericalmethods.
Besidesgeometrigproblemshavebeentackledsofar mainly by meansof algebraicor
theoremprovingmethodq 1], thusleadingto anunderdevelopmerdf analytical
methods.

Yet theanalyticalapproacho geometryconstituteghe foundationsof manyphysical
guestionsespeciallythoselinked to spaceor space-timeanalysisby meansof field
theory.Hencethe attemptto introduceanalyticalcapabilitiesnto geometryjnitially in
view of applicationgo shapedescriptionthenwith the purposeo lay thefoundationsof
furtherusesin differentialgeometryandfield analysis Althoughgeometryis commonly
thoughtof asthefederatingmathematicahbstractiorunderlyingthosequestions,
morphologyappearsasanencompassingommondenominatoableto takeinto account
guestionsoutsidethefield of geometry suchasscenedescriptionjinkagedesignor
finite elementanalysis.
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2 Rémi Barrére

a Morphology as a Transverse Concept

Although shapeandform aremoreor lessconsidereaquivalenin commonlanguage,
shapds ratherdevotedo geometricexternalaspectsvhereagorm is ratherdevotecdto
moregenerainternalstructuringaspect¢geometricor not). Forinstancegurves,
surfacesaandvolumesassuchareshapeswhile consideredogethemwith someother
characteristicssuchasafield, theytendto bethoughtof asforms.Soaform description
is a pieceof informationabouttheway in which anobjectoccupiesandstructurespace.
In practice,it is indissolublefrom the way the object(or its form) is generateéndcanbe
transformedbr combinedwith otherones.

Moreover,asaresultof our cognitivecapabilitieswe tendto understanabjectsin
contrastwith abackgroundandalsoto perceivethemasstructuredn container
(wrappingstructure)andcontent(internalstructure)2]. Onthecontrary,modernideas
aboutspaceor spacetimeendto identify spacewith its structuringcontent,spacebeing
constitutecby therelationshipsetweerobjects.To someextent,theseoppositeideas
canbe madecompatibleby blendingcontinuousaspectgfiguresasexpansionsand
discreteones(figuresasobijects),

a Mathematical and Algorithmic Requirements

Many form descriptionshavebeendevelopedofar, in view of moreor lessspecific
applicationsdrawingsoftware geometricceasoningcomputerassistediesign fractal
imagegenerationdatavisualizatio®s Thereis probablyno universalform description,
for thosemethodseedalways,to someextent,be optimizedto bestservesomespecific
problems However thetrendto developad hocoptimizedsolutionsfor practicalneeds
yields Ua widely scatteredonglomeratiorof disparateand,atfirst sight,unrelated
methods@ [3]. This subsequentlyendsto severelydecreas¢he socalledorthogonality,
i.e., thecapabilityto crossfertilize disciplinesby informationexchangeandobject
combinationghanksto generictypes.

By quotingLord andWilson[3], onemay evenstressheneedfor a mathematical
foundationfor a scienceof morphologyunifying variousapproachesa needthathasnot
beenfully recognized/et. Today,therequirementhatthe proposednethodshouldlend
itself well to analgorithmictreatmenmustbe takeninto accountlt shouldalsohavea
broaderscopethanthe socalledmathematicamorphology whichis moreor less
restrictedto the Upixel levels methodausedfor imageprocessingln thefollowing, we
actuallyfocuson form synthesigatherthanform analysis The solutionput forward
derivesfrom acommonmathematicatool, slightly adaptedo analgorithmicpurpose,
i.e.,anewglanceataclassicatheory[4].

a Manifolds as a Unifying Approach to Morphology

We beton manifolds becausef their soundanalyticalfoundation their strong
geometricflavor andtheir adaptatiorto the algorithmictreatmentgspeciallycomputer
algebraandsymbolicprogrammingln particular,a manifolddetermines codomainasa
subsebf some(ofteneuclideanspaceBy regardinghe codomainasthe objectandthe
surroundingspaceasthebackgroundit actuallydetermines shapeBy considering
variousstructuringelementsuchasa coordinatesystem(domain)or afield overthe
manifold, it determinesasmanyforms.Moreover,theboundaryof a manifold constitutes
anelementof a container-contenapproachMore generally otherstructuringtoolswill
be describedelow,suchasatlaseghatenablescenedescriptions.
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Becausef its visualaspectsshapeadesignis in naturalrelationshipwith theunderlying
graphiccapabilitied5, 6]. In Mathematicatheserely uponafew graphicprimitives

(Li ne, Pol ygon¥s) andarangeof standarglottingcommandgP! ot ,

Par amet ri cPl ot %), plusavariety of complementargommandslefinedin various
packagegShapes™, Sol i dOFf Revol uti on” ¥). Thisleadsto afunctionalapproach
whereshapesreproducedy plotting commandshatbuild themby assemblindow
level graphicprimitives,thusexcludinghigherlevel objects.

Onthecontrary resortingto manifoldsleadsto areificationof shapetheseandother
geometricentitieslike fields, canbe definedasquite compacisymbolicobjects rather
thanhugeassembliesf raw graphicprimitivesresultingfrom plotting commandsThis
facilitatestheintroductionof bothhigherlevel entities,ableto describeobjectsas
wholes,andhigherlevel symbolicfunctionsableto manipulateandcombinethese
entities.This alsoenableghe consistengatheringof graphictoolsscatteredround
variousgraphicpackagesndtheir extensiomotonly to shapedesignbutalsoto field
analysis.

Needs @ Manifolds*Morphology” "D

An experimentasetof packagesavailablemateria) is developedo investigateheideas
presentedn thepaperMani f ol ds™ Mor phol ogy ™ is simplyintendedo loadthe
wholedirectory.Extractsor simplified versionswhich shouldnot be evaluatedare
occasionallyshownin the paper.

Q-

An Algorithmic Approach to Manifolds

Althoughamanifoldis usuallydefinedasa collection(calledanatlas)of patchesi.e., of
homeomorphism&om anopensubsebf R" ontoanopensubsebf atopologicalspace
M [7], thealgorithmicapproactwill ratherfocusonR" asa curvilinearcoordinate
systemnM , whichin mostcaseswill besomesubsebf RP. Indeed thenotionof a
manifoldis deeplyrootedin analyticalgeometryj.e., in the practicalneedto describe
curves surfacesandvolumes or their n-dimensionalgeneralizationdyothfrom the
analyticalandthe geometricapointsof view.

a The Data Structure

As areflectof this origin, thealgorithmicapproachtaimsat blendingthe analyticaland
geometricaspectsespeciallytheir graphiccounterpartBasically,thetypeMani f ol d
introducedhereafteddenotes patch;thenanatlasis simply a collectionof manifolds,
without any continuity or differentiability requirementThetypeMani f ol d consistof
two entities:a setof expressionshatshouldbethoughtof asalist of parametric
equationstogethemith a domainspecificationfor the variableswhich arethelocal
coordinate®n the manifold. The type beingthe headof the expressionthis leadsto the
informal expressiortemplate Manifold[list of expressions, domain
speci fi cat i on] . Thedomainspecificatiorfollows the syntaxof continuous
domainsin plottingcommandsatriple or asequencef triples{c, cmin, cmax}
denotinga coordinatesymbolwith a minimumvalueanda maximumvalue.

This designis adaptedrom afirst attemptby Gray[8] who actuallyadopteda more
generaliewpointby consideringnappingsHereis anexamplewhich maybethought
of asa parametrizegharametriacepresentationf a segmenbf aring with the symbolic
parameter.

Manifold @r Cos@D, r Sin @D<, 8r, 1, r<, 8q, 0, 3pe*2<D
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In thatcase the codomainis a subsebf R? andthe expressionareusuallyinterpretecas
the parametriadepresentatiofequationspf a geometricdomain.Nevertheless,
manifoldsdescribdn principle abstracentitiesthatentailno assumptiorabouttheir
nature excepttheyarememberof atopologicalspaceln particular the parametrized
objectsneednot be pointsnorvectors Any parametrizedamily of entitiesis susceptible
of adescriptionasa manifold, providedit hassomedifferentiability or atleastcontinuity
propertiesForinstancea parametrizedamily of matricesor a parametrizedamily of
functionscanbeinvestigatecasmanifolds.However thereis no standardrisualization
procedurgor suchmanifoldsandtheir graphicrepresentatiomayrequireassumptions
or tricks.

Whenthe codomainis asubsebf RP, it needsotbe euclideanmanifoldtheoryis
basicallyarelativistictheoryof abstracspacesNeverthelessn manyapplications,
manifoldsareinterpretedrom anabsolutepoint of view: the codomainis supposedo be
somesubsebf aneuclidearspacewith anorthogonakartesiarcoordinatesystemand
the domainis viewedasa curvilinearcoordinatesystentfor the codomain Suchan
absolutenterpretatioris almostunavoidablevhengraphicrepresentationare
considered.

Howeverthis assumptioris not mandatoryandmanifoldsmay haveotherinterpretations:
for instancejn anothercontext,the codomainmaybethe subsebf aneuclidearspace
with acurvilinearcoordinatesystemor eventhe subsebf a spacewith no metric
property.Sowe try to maintainflexibility by avoidinguselesstrongassumptions
regardingtheabsoluteor relativeinterpretation®f manifolds,thusleavingthe user
chooseheinterpretatioronly whenneededIn particular,commanddike Connect are
introducedthatfacilitatethe switchingbetweerthe absoluteandrelativeinterpretations.

Althoughit mayberequiredin somereasoningsthedistinctionbetweeropenor closed
intervalsis uselessn this algorithmiccontext; hencethe useof lists for domainsAs a
remark,thesealgorithmicversionsof manifoldsneednot bedifferentiable,.e.,they
describevarietiesaswell (for instancefractalvarieties) Finally, amanifoldwith no
domainis a point. Its syntaxis Manifold][list of expressions] . Takinginto
accountthis limit caseis usefulin somegenericapplicationsActually, whenworking
with manifolds,thereis nolongerany notionof point, curve,surfaceor volumeastypes
sinceall aremanifolds.The numberof coordinategjivesthe natureof thefigure, the
dimensionof the codomainspecifyingtheimmersionspace.

a The Selectors

The selectorextractthe variousargument®f atypedexpressiorf9]. Theywereinitially
introducedin computerscienceo isolatetheinterfacespecificationfrom theinternal
representationActually, whentherepresentatiois stable argumengextractioncanbe
donedirectly with patternsn theleft handsidesof transformatiorrules.Nevertheless,
somegenericprogramsaremoreeasilydesignedy resortingto selectors.

By thinking of applicationgo geometryor field analysiswe useCoor di nat es for the
variablesDomai n for thecoordinaterangesandCodonmai n for the parametric
expressiongthusidentifying thefunctionsandtheir values).

Coordinates @Janifold @, d__List DD” = Map@First , 8d<D

Domain @/anifold @, d__ List DD”: = 8d<

Codomain @anifold @_, _ DD”™ =e
Theremight beanambiguitybetweerdomainandcodomainwhichin this contextare
the domainandcodomainof the associate@napping while the codomaincanalsobe
thoughtof asa domainin a geometricsenseWe neverthelesmaintaindomainand
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codomainpecaus®f theircommonusein mathematicaswell ascomputerscienceand
we will resortto patchor regionto denotea geometricdomain.

a Variants

Atlases and geometric scenes

In theframeof this algorithmicapproachanatlasis simply alist of manifolds;soone
departdrom the mathematicaapproachwherea differentiable(at leastcontinuous)
overlappingis required An atlasis basicallya piecewisemanifold;it is actuallyslightly
moregenerafor it enablegheaccumulatiorof manifoldswith differentdimensionsThe
manifoldsof anatlasmustnonethelesbavecodomainawith the samedimensions.

Draw@A\tlas @B
DrawingStyle @Janifold @Cylindrical @r, g, h<D, 8r, 1+ 2, 1<,
8g, 0, 3pe 2<, 8h, -1, 1<D, PlotPoints -> 83, 15, 7<D,
DrawingStyle @Janifold @Cylindrical @3+ 2, g, h<b,
8q, 0, 2p<, 8h, -1, 0<D, PlotPoints -> 825, 4<D,
Manifold ~@Cylindrical @3+ 2, t, te6ep<Db 8t, 0, 6p<D
<D, BoxStyle ® GrayLevel @.5 DD

...Graphics3D

Combinedwith Dr aw, anAt | as canbeviewedasanadaptatiorto manifoldsof the
commandSt ackG aphi ¢s from the packages aphi cs™ Graphi ¢cs3D , which
directly appliesto graphicobjects.

Atlasesareespeciallyusefulfor the manipulationof setsof manifoldsaswholes.As
such,they constitutea naturaldatastructurefor compoundshape®r geometricscenes,
the atlasthenbeingthoughtof asa setof figures.Manifoldsthenappeamlasthenatural
primitivesfor scenadescriptionjn associationwith thetypeAt | as asacomposition
tool. As suchtheyenablethe combinationof continuousanddiscreteaspects.

Avignon, June 2006 8th International Mathematica Symposium
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Many-valued manifolds

A many-valuedmanifolddiffers from anatlasin the sensehatthereis acommon
domainfor alist of parametrizationgyeverthelesst canpossiblyberewrittenasanatlas
of manifolds.The multiple parametrizationsannotonly bearrangedn lists butalso
matricesor higherdimensionatables Roughly,many-valuedmanifoldsimplement
coverings.

Many-valued manifoldsaremainly usedto parametrizdigureswith severabranches
(e.g.hyperbole)jn particularin the caseof manifoldscomputedasinversemappings.
Applicationsof many-valuedmanifoldsto fractalsaregivenbelow. Thesecanalsobe
usedto build curvedrasters.
R2D2= Raster2D @
88RGBColor @, 1, 1D, RGBColor @, 0, 1D, RGBColor@, 1, 0D<,
8RGBColor @, 0, 0D, RGBColor @, 1, 0D, RGBColor @, 0, 1D<<,
Manifold @u, v, Hv"3- vLe 2- HUM2+ue 2L+ 3<,
8u, -1, 1<, 8v, -1, 1<DD;

Draw@r2D2 PlotPoints ®5,
Lighting ® False , ViewPoint -> 813, -2., 23<D

...Graphics3D

Coordinate systems and manifolds

In view of a generictreatmenbf fields, coordinatesystemshouldberegardedas
particularcase®f coordinatesystemsn manifolds.Neverthelesspr conveniencend
consistencyith the vectoranalysispackagea specificdatastructurefor usual
coordinatesystemss maintainedjn theform of atypewrappingallist of coordinate
symbols,e.g.,Polar[{r, d}] . Thereis nonethelesao defaultsymbolfor
coordinatesfreely choserby the user thesearespecifiedwhereneeded.

8th International Mathematica Symposium Avignon, June 2006



An Algorithmic Approachto Manifolds 7

SetAttributes @CoordinateRanges , HoldFirst D

SetAttributes @CoordinateSystemQ , HoldFirst D

CoordinateSystemQ @ Polar D: = True

Polar @r_, g_<D:=8r Cos@D, r Sin @D<

CoordinateRanges @Polar @r_, q_<DD”: =88r, 0, ¥<, 8q, 0, 2p<<
The associatetransformatiorrulesmustbe givenfor everycommoncoordinatesystem.
A symbollike Pol ar mayexpressithera coordinatesystem(absoluteviewpoint)when
processe@satypeor achangeof coordinategrelativeviewpoint)whenprocessedsa
function. For thatpurposethe correspondin@rgumenbf someoperatorss maintained
heldwith anappropriateattribute.If needbe,theauxiliary commandroMani f ol d
generateshe associatednanifoldwith the standarccoordinateranges.

In particular,Manifold[Polarl[{r, q}]] yieldsManifold[{r Cos[ q], r
Sin[q]}],ie. thecartesiarcoordinate®f the point; soit is equivalento the
commandCoor di nat esToCar t esi an of thevectoranalysispackagetheanalogof
Coor di nat esFrontart esi an beingobtainedby introducingreciprocalcoordinate
systemgqrespectivelycoordinatechanges)e.g.,InversePolar[{u, v}]

Manifold @nversePolar @Bu, v<DD

Manifold A9 U2°+V?", ArcTan @, vD=E

With theseconventionsthe expressioManifold[Polar[{f[t], o[t]},

{t,tm n, tnmax}] describeshecurvewith parametrieexpression§[t] andg[t ]

in polarcoordinatesSurfacesn threedimensionatoordinatesystemsanbedescribed
in asimilarway. Althoughit is notcommon this way of expressingnanifoldsby their
parametriaepresentation® somecoordinatesystemis concise.

Manifolds with interpolating functions
If needbe,amanifoldcanbedefinedin termsof interpolatingfunctions.Convenienin
the caseof differentialequationsolving (NDSol ve), suchmanifoldsareoccasionally
usefulto built moreor lessintricateshapes.
ip = 8lInterpolation @able @t, HL + Cos@ t De 2L Cos@ Dx,
8t, 0., 2p, p* 5<D, InterpolationOrder ® 1D,

Interpolation @able @t, H1 + Cos@ t D+ 2L Sin @ D<,
8t, 0., 2p, p* 5<D, InterpolationOrder ® 1D<

8InterpolatingFunction @80., 6.28319 <<, <>D,
InterpolatingFunction @80., 6.28319 <<, <>Dx
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Draw@anifold @hrough @p @DD, 8t, 0, 2 p<D,
AspectRatio ® Automatic D

a Visualization of Manifolds

The visualizationof manifoldsmainly reliesuponthePar anet ri cPl ot and

Par aret ri cPl ot 3D commandsplustwo novelfunctions

(Sol i dPar anetri cPl ot andSol i dPar anet ri cPl ot 3D) developedor 2D and
3D shapesA genericcommandr aw is introducedjn theform of polymorphic
transformatiorrules.

a4 The Command Draw

Both thefunctionsto be plottedandthe domainsheingpartof thedatastructure,
manifoldsrequirea singlegraphiccommandwith a singleargumenpluspossible
options;let uscall it Dr aw. Only manifoldsthe codomainof which havea geometric
interpretatiorin atwo or threedimensionakpacearedrawn,thelengthof thefirst
argumentetermininghe dimensionof the representatiospace Thenthe numberof
variablesdetermineshe natureof therepresentedbject:point, curve,surfaceyolume

or higherdimensionabbject.Moreover the codomainis supposedo be a subsebf an
euclidearaffine spacesquippedvith a canonicalbrthogonakartesiarcoordinatesystem,
which hasconsequentlyhe statuteof antabsolut@ referencespaceThenthedomainis
thatof the curvilinearcoordinatesystemof the manifold.

Most drawingsareUsubcontractedto standargarametriglotting commandsThe
variouscombinationaresummarizedn thefollowing table.
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n Hdomain L p Hcodomain L plotting function
0 2 Show HGraphics L

0 3 Show HGraphics3D L
1 2 ParametricPlot

1 3 ParametricPlot3D

2 2 SolidParametricPlot

2 3 ParametricPlot3D

3 3 SolidParametricPlot3D

Extensionof thefamily Par amet ri cPl ot arerequiredfor the2-2 and3-3 cases.
TheyhavebeentemporarilycalledSol i dPar anetri cPl ot and

Sol i dPar anet r i cPl ot 3D, althoughpolymorphismshouldallow to procesghemas
specificcaseof Par anmet ri cPl ot andPar anet ri cPl ot 3D.

Sol i dPar anet ri cPl ot 3D drawstheboundarywhichis valid only providedthe
jacobianof the parametricequationsloesnot vanish.The casep=1is not processedby
Dr aw becausét is of weakvisualinterestNeverthelesshanksto alifting, it canbe
rearrangednto a 2D or a 3D manifoldsoasto bevisualizedthe sameway functionsare
visualizedwith Pl ot orPl ot 3D.

Lift @anifold @h@D<, 8t, -1, 1<DD
Manifold @Bt, h@D<, 8t, -1, 1<D

a Higher Dimensional Manifolds

Higherdimensionamanifoldsareprocessety meansof the 2D or 3D projectionof
their boundaryHereis the exampleof the 4-dimensionalunit hypercube.

UnitHyperCube @ _List D: =
Manifold @, Apply @equence, Thread @Qist @, 0, 1DDDD
uhc4 = UnitHyperCube @a, b, c, d<D

Manifold @a, b, ¢, d<, 8a, 0, 1<, 8b, 0, 1<, 8c, 0, 1<, 8d, 0, 1<D

Below, a 3D projectionof the4D unit hypercubes drawn.Transparencgffectswould
be welcome Analogapplicationgo complex-valuedfunctionsarealsopossible.
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Draw@oundary @transform @hc4,
Shadowing @81, -1, 0, O<, 81, 0, -1, O<, 81, 0, 0, -1<<,
81, 2, 1, 2<DDD, PlotPoints ® 2D

0.5.05

...Graphics3D

4 Manifolds and Fractals

Manifolds and fractal functions

Fractalfunctionsgeneralizeéhe procesdy which the Weierstrasgunctionis built.
Fractalcurves(or moregenerallyfractalvarieties)canbe built by meanf fractal
functions,obtainedby summingscaletransformedrersionsof aninitial function,
typically atrigonometricfunction[10]. Thecommand-r act al Funct i on below
computeghe nth approximatiorof thetheoreticalversion.

FractalFunction @ ,d,nbDe® ,t D:=

Sum@BcaleTransform™ @v, d, kD@, tD, 8k, 0, n<D

Fractalfunctionscanbe usedto generatgparametri@pproximationgo fractalcurves.

Evenwhennot usefulfor scientificpurposethey mayhaveaestheticallyleasing
properties.
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Draw @
Manifold @
8t , FractalFunction @, 0.5, 7D@in @D, tD<, 8t, -p, p<D,
Manifold @ractalFunction @3, 4<, 80.3, 0.5 <, 5D@
8Cos@ ¢ 9D, Cos@ « 25D<, tD, 8t, 0, 2 p<D<D

15
1
0.5

...GraphicsArray

Manifolds and iterated function systems
IteratedfunctionsystemgIFS) constituteanothemwell known meangdo generate
fractals [11]. Briefly, aniteratedfunctionsystemis a setof contractingaffine
transformationshatareiterativelyappliedto anyinitial figure. Thecommand
Mani f ol dI FS usesthedirectiteration[12] ratherthanits variantcalledichaosgames
[12, 13]: it computeghenth approximatiorof anlFS, from anyinitial manifold,in the
form of amany-valuedmanifold.

OneSteplFS @fs_ D@_D: = Flatten @ap@hrough @fs @DD&, sD, 1D

lteratelFS  @fs_ , init_ , n_D:= Nest @neSteplFS @fs D, 8init <, nD

ManifoldIFS @fs_ , Manifold @_, c___D, n_D:=

Manifold @teratelFS @fs , p, nD, cD

Hereis theexampleof a SierpinskyspongeGiving alow valueto Pl ot Poi nt s is
necessaryo avoidalengthycomputationThe processappearso beavery generabne
thatactuallybuildsa varietywhereevencontinuity propertiesareabandoned.

Sierpinsky3aD @D@_D:=0.5 v

Sierpinsky3dD @D@_D:=05 v+805, 0, 0O<
Sierpinsky3aD @D@_D:=0.5 v+80, 05, 0<
Sierpinsky3aD @D@_D:=0.5 v+80, 0, 05<
Sierpinsky3DIFS : = Array @ierpinsky3aD , 4D

Avignon, June 2006 8th International Mathematica Symposium



12

Rémi Barrere

8th International Mathematica Symposium

Q-

Draw@anifoldIFS ~ @Bierpinsky3DIFS

Manifold @u, H1- uLv, Hl1- uLHl - vLw<, 8u, 0, 1<,

8v, 0, 1<, 8w, 0, 1<D, 4D, PlotPoints ® 2, Axes ® None,
BoxStyle ® GrayLevel @.5 D, ViewPoint -> 824, -14, 0.2<D

...Graphics3D

The following of the paperdescribes variety of toolsthatextendthe gameby enabling
numerousmanifoldmanipulations.

Shapes as Manifolds

Thanksto their graphicrepresentationsnanifoldscanbe usedfor shapedescriptiorand
visualization.As such they constitutea meango introducesymbolicaspectsn shape
design.Thisreliesuponanumberof primitive manifolds(respectivelyshapesyuchas
cylinder, sphereor torusplus manifold (respectivelyshape)yeneratorshatcompute
boundariesembeddingsconnectionsextrusion¥s or thatoperateby combiningor
transformingthem.

Primitive Manifolds (respectively Shapes)

Primitive manifoldsaredefinedin away similar to graphicprimitives,exceptthat
domainswith coordinatesymbolsandboundsmustbe specifiedin the form of triples:
symbolfollowed by two valuesthatdenotea coordinaterangingfrom a minimumvalue
to amaximumvalue.Whentheyareparametrizedsubvaluesreusedfor thedefinitions.
For instancejn the definition of a parallelogranbelow,u andv denotetwo vectorswhile
| andmdenotethe coordinates.

Parallelogram @u_, v_<D@l : 81 _, _ <, dm: 8m, _ <D:=
Manifold @ u+mv, dl, dnD
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As far aspossiblethetypesremindof the correspondingieometridigures.
Neverthelessye arefacedwith two problemsFirstly, conflictswith the standard
graphicprimitivesmustbe avoided,soLi ne, C r cl e andDi sc wereabandonedo
the benefitof Segnent , Ri ng orEl | i pse. Then,thesamewords(ellipse,cylinder,
coné/) denotebothlinesandsurfacegrespectivelysurfacesaandvolumes).This
polysemyof the naturallanguagehaspolymorphictransformatiorrulesascomputational
counterpartaccordingo theargumentonfiguration,a singlevaluedenotesafixed
parametewhile atriple with onesymbolandtwo valuesdenotesa parameterange.

Cylinder @fr : 8r_, _ <, dgq: 8q_, _ <, dh: 8h_, _ <D:=
Manifold @r Cos@D, r Sin @D, h<, dr, dq, dhD
Cylinder @_, dg: 8gq_, _ <, dh:8h_, _<D:=

Manifold @r Cos@D, r Sin @D, h<, dq, dhD
Cylinder @0, 8q, 0, p<, 8h, 0, 1<D

Manifold @r0 Cos@D, r0O Sin @D, h<, 8q, 0, p<, 8h, 0, 1<D

In somecasesn-dimensionalgeneralizationareaddedo the set:theyarepreferablefor
programshatmustbe genericwith respecto dimension Objectsarecenteredatthe
origin andhavecanonicalstandardprientationsijf needbe,theycanbe movedor
deformedwith affine or moregeneralkransformationshatareintroducedoelow.

[ON

A Small Gallery of Manifolds (respectively Shapes)

Togethemwith thedrawingcommandthis setof primitive manifoldscansupersedéhe
Shapes” packagehereareafew examplegdrawnfrom the packageOtherexamples
canbefoundin theliterature,e.g.,[7] or[14].

Draw @
DrawingStyle @orus @D@r, 0, 1<, 8q, 0, 2p<, 8j, 0, 2 p<Db,
PlotPoints ® 82, 20, 15<, PlotRange ®
88-4, 3<, 8-4, 4<, 8-1, 1<<, ViewPoint -> 82., -15, 1.7 <D,
DrawingStyle @ orus @D@r, 1, 2<, 8q, 0, 3 p- 2<,
8j, -3pe 4, pe 4<D, PlotPoints ® 83, 15, 10<D,
DrawingStyle @ orus @D@., 8q, 0, 2p<, 8j, 0, 2p<Db,
PlotPoints ® 820, 15<, Shading ® False D
<, Axes ® None, BoxStyle ® GrayLevel @.5 DD

...GraphicsArray
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Draw @
MoebiusStrip  @D@r, -1, 1<, 8q, 0, 2 p<Db,
Helicoid @« 3D@r, 0, 1<, 8q, 0, 6 p<D,
Helicoid @« 3D@r, 1+ 2, 1<, 8q, -p* 2, 5p<D
<, PlotPoints ® 82, 50<, Axes ® None, BoxStyle ® GrayLevel @.5 DD

...GraphicsArray

a Operations on Manifolds

Boundary extraction
We actuallydefineaniteratedversionof theboundaryoperatorin the 2-dimensional
casethefirst orderboundarycomputesdgeswvhile thesecondrderonecomputes
vertices.In the 3-dimensionalcase thefirst orderboundarycomputedacesthesecond
orderoneedgesandthethird orderonevertices;andsoforth. Thisis a boundaryfrom
the domainviewpoint.It doesnot necessarilydentify with the geometricaboundary
whenthecodomainselfoverlap.

b0 = Manifold @r Cos@D, r Sin @D, h<,

8r, 1, 2<, 8t, 0, Pie2<, 8h, -1, 1<D,

bl = Boundary @O0D; b2 = Boundary @0, 2D;
b3 = Boundary @0, 3D; Short @2, 2D

Atlas @Manifold @1, 0, h<, 8h, -1, 1<D,
t 10% , Manifold @O, r, 1<, 8r, 1, 2<D<D

Draw@bl, b2, b3<, PlotPoints ®7,
Ticks -> None, BoxStyle ® GrayLevel @.5 DD

...GraphicsArray

Manifold reshaping as right composition
A manifoldreshapingconsistof botha changeof coordinate@nda domain
modification. It is expressety meansf a manifoldpassedisa secondargument,
assumedo beoutlinedon thefirst manifold. The operatioramountgo testingthe
domainof theformerandthe codomainof thelatterandthenmakea substitution.There
aretwo moretransformatiorrulesfor many-valuedmanifoldsandatlases.

Reshape @n: Manifold @_, oldc__ D, Manifold @ , newc_ DD-;

Length @oldc <D S Length @D": =
Manifold @ . Thread @Rule @oordinates @D, f DD, newcD
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GoetzandWagon[15] usedsuchchange®f coordinatesasa meango carry outadaptive
surfaceplotting.

ml= Manifold @x, y, xye* Hx"2+y~r2L<, 8x, -1, 1<, 8y, -1, 1<D;
m2= MapAt@implify , Reshape @
Manifold @x, y, xye* Hx"2+y~"2L<, 8x, -2, 2<, 8y, -2, 2<D,
Manifold @r Cos@D, r Sin @D<, 8r, 0, 1<, 8q, 0, 2 p<DD, 1D

Manifold @r Cos@D, r Sin @D, Cos@D Sin @|Dx,
8r, 0, 1<, 8q, 0, 2p<D

Draw@ml, mX, Ticks -> None,
BoxStyle ® GrayLevel @.5 D, PlotPoints  -> 815, 30<D

...GraphicsArray

Thefollowing exampleis adaptedrom Kuzniarek[16].

ml= Manifold @x, y, Cot@ +Sin @DD<, 8x, -p, p<, 8y, -2p, 2p<b
m2= Reshape @
Manifold @x, y, Cot@ + Sin @DD<, 8x, -2p, 2p<, 8y, -2p, 2p<Db,
Manifold @u - Sin @D, v<, 8u, -p, p<, 8v, -2p, 2p<DD

Manifold @u - Sin @D, v, Cot@D<, 8u, -p, p<, 8v, -2p, 2p<D
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Draw@ml, mX, Ticks -> None,
PlotRange -> 88-p, p<, 8-2p, 2p<, 8-3, 3<<D
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...GraphicsArray

Manifold connection as right composition
A manifold connectiorconsistsn theidentificationof the codomainof theformerwith
the coordinatesystenof thelatter,whichis actuallya right compositionlt canbeused
to definea manifold (asa geometricdomainor a figure) on someothercarriermanifold
(asacoordinatesystem)Manifolds canbe connectegrovidedthe codomainof thefirst
oneandthedomainof the secondbnehavethe samedimensionwhich mayrequirea
preliminaryembedding.

Connect @/anifold @_ ?VectorQ , d___ D, m: Manifold @_, c__DDe;

Length @D S Length @oordinates @MD" =
Manifold @ . Thread @Rule @oordinates @D, f DD, dD

Therearetwo moretransformationrulesfor many-valuedmanifoldsandatlasesThanks
to theconnectiorof a many-valuedmanifold,a Sierpinskytrianglecanbe pastedontoa
surface.

Sierpinsky2D @D@_D:=0.5 v

Sierpinsky2D @D@_D:=0.5 v+80.5, 0<
Sierpinsky2D @D@_D:=0.5 v+80, 0.5 <
Sierpinsky2DIFS : = Array @ierpinsky2D , 3D

cylindricalSierpinsky = Connect @lanifoldIFS  @bierpinsky2DIFS
Manifold @u, Hl- uLv<, 8u, 0, 1<, 8v, 0, 1<D, 5D,
Manifold @Cylindrical @05, 2g-p* 2, h<D, q, hDD;
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Draw @ylindricalSierpinsky , Ticks ® None, PlotPoints ® 2,
BoxStyle ® GrayLevel @.5 D, ViewPoint -> 82., -19, 1.7<D

4,

...Graphics3D

Transformations as left compositions

In ageometricatontextwheremanifoldsareintendedo describeiguresor shapes,
transformationgonstitutea usefulmanifoldgeneratorGenerallinearor non-linear)
transformationsreleft compositions soin the contextof Mathematicatheyare

basicallydefinedasvectorfunctionsthatapplyto n-uples (lists) of coordinates,
accordingto theinformal scheme:

someTransform @s; _, S, _ ¥a<D: = 8expressions of the s; <

As aconsequenceheydo notdirectly applyto manifoldsbut requirea constructike the
following one,wheret r denotesuchavectorfunction.

Transform @Manifold @arametric_  ?VectorQ , domain___ D, tr_ D:
Manifold @r @arametric D, domain D

In the examplethe purefunction{#[[1]]+#[[2]]/5, #H[[2]]+[11"2)}&
couldbeusedin placeof deform.

deform @x_, y <D:=8x+ye+5, y+x"2<
Transform @Janifold @x, y<, 8x, 0, 1<, 8y, 0, 1<D, deform D

Manifold A9x+§ x2 +y=, 8x, 0, 1<, 8y, 0, 1<E

The mechanisnworkswith atlasesandmany-valuedmanifolds(the onein theexample
implementingafractalvariety) aswell.
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Draw @

Transform @ManifoldIFS  @ierpinsky2DIFS , Manifold @u, HL - ulL v<,
8u, 0, 1<, 8v, 0, 1<D, 5D, deform D, PlotPoints ® 2D

1,

0.8 -

0.6 -

0.4 |

0.2

0.2 0.4 0.6 0.8 1
...Graphics

This generakchemas supplementey a setof commontransformationgor usein
geometry shapedesign,CAD or engineering.

A collection of transformations

In orderto facilitatea later symbolictreatmenbf transformationgcompositiorandother
operations)we focuson transformationsistypedobjectsthatcanbe combined
accordingto algebraiocor heuristicrules,i.e., areified approacho transformationsSo
thereareatleastthreelevels:typedsymbolicobjectsimplementingransformationstheir
definitionsasvectorfunctions,plustheir associatedhatricesfor convenienceOncethey
aredefinedasvectorfunctions,the transformationglsoapply to manifoldsthanksto the
schemelransform[manifold, transformation]

Transformationgrefirstly definedastypedobjectse.g.,Tr ansl ati on[ v] withva
list, sotransformatiorrulescanpossiblybe givenfor varioustransformation
combinationsin view of their useasvectorfunctions,transformatiorhaveanassociated
subvalueaccordingto theinformal scheme

SoneTr ansf or n{ parans] [ v_] : =expr essi on. In thecaseof affine
transformationsa complementargommandiefinestheassociatednatrix. Between
bracketsaffine transformationsisoapplyto graphicprimitives (exceptoccasionally
circlesanddisks).Actually, for eachaffine transformationthereis alinearcaseanda
strict affine casewhich is thoughtof asthelinearversionapplieddabouz somepoint.
Forinstancehereis the caseof ascalingtransformationwherek is eitherascalaror a
list.

Stretching @ _, pt: OD@_D:=k*Hv- ptL+pt

Transform @Vanifold @x, y<, 8x, 0, 1<, 8y, 0, 1<D,
Stretching @a, b<, 8-1, 1<DD

Manifold @-1+aHl+xL, 1+bH 1+ylL<, 8%, 0, 1<, 8y, 0, 1<D
In the caseof rotations therearedifferentmeandgo specifya 3-dimensionalrotation:
Euleranglespauticalangles axisandangle.Theserotationscanthemselvede

decomposethto precessionpitching,spirts Thatis why we introducetypedentities,so
Precessi on[j] denotesprecessiomf anglej orEuler[ j, g, y] denotes
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rotationwith the specifiedEuleranglesThetypeRot at i on is restrictedo the
2-dimensionalcase.

The spinningdirectioncanbe giveneitherby a vectoror by two sphericalngles.
Precessiomndwinding areactuallyoneandthe samething; soarenutationandrolling.
Hereis therotationmatrix associatedvith the givenspinningparameters.

Matrix @spinning @0, 1, 0<, aDDes MatrixForm

i Cos@aD 0 - Sin @D
L 0 1 0
Sin@D 0 Cos@D {

Projectionsshadowingsndreflectionsaredefinedin a similarway. Theseannex
definitionsbasicallysupersedandextendthosefoundin the standargackage
Geonetry Rotations™ .

Applications to manifolds and shapes

Applying varioustransformationsgo standardnanifoldsconstitutesa meando generate
all kindsof shapedy deformationln particular,Pr oj ect i on is moreor less
equivalentto Pr oj ect fromthepackages aphi cs™ Graphi cs3D' definedin the
caseof 3D graphicsandprojectionsontocoordinateplanes As anexamplejet usrewrite
in termsof manifoldsthefunctionTwi st edTube introducedoy Edwardg17).

TwistedTube @Janifold @x_, y_<, dt_ D,
dg: 8qg_, gmin_: 0, gmax_: H2 pL<, r_, twist_ , n_: 1D: =
Manifold @0, 0, y Cos@wist D+ x Sin @wist qgD< +

Hr + x Cos@wist ¢gD- y Sin @wist qDL 8Cos@D, Sin @D, 0<, dt, dgD

tube =
TwistedTube @Manifold @Cos@De 2, 1+ Sin @uDe* 2<, 8u, 0, 2 Pi<D,
8q, 0, 4p<, 3, 3+ 2D

Draw @
DrawingStyle @ube , Axes -> None,
PlotPoints -> 812, 70<, ViewPoint -> 819, -19, 2.0 <D,
DrawingStyle @Atlas @3
Transform @ube ,
Projection @81, 0, 0<, 80, 1, O<<, 80, 0, 1<, 80, 0, - 2<DD,
Transform @ube , Projection @80, 1, 0<, 80, 0, 1<<,
81, 0, O<, 8-45, 0, 0<DD,
Transform @ube , Projection @80, 0, 1<, 81, 0, 0<<,
80, 1, 0<, 80, 4.5, 0<DD<D, PlotPoints -> 812, 50<D<D

...GraphicsArray

Applying anon-linear transformatiorio anaffine objectgenerallyyieldsa curved
object. Thiswould not be possiblewith graphicprimitives. With their analytical
representationsnanifoldsconstitutethe naturalprimitivesfor non-linear operations,
while built-in graphicprimitivesaremoreor lessrestrictedo affine operations.
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Applications to higher dimensional manifolds
Thereis aninterestinguseof transformation$or the 2D or perspective8D visualization
of higherdimensionamanifolds.As anexamplehereis a 2D projectionof the edgesof
a 4-dimensionalhypercube.
Draw@oundary @transform @JnitHyperCube @a, b, ¢, d<D,
Shadowing @81.2, 1, 0.7, 0O<, 80, -1.2, 1, 0.7 <<,

881, 0, -0.7, 1.2<, 81, 0.7, 0, 1.2 <<DD, 2D,
PlotPoints ® 2, Axes ® NoneD

...Graphics

Onecanalsocomputea 3D projectionwhichis thendisplayedwith the Mathematica

internalprojectionengine(sectiontigherdimensionamanifoldy.

a Other Shape Generators

Embeddings

Onesometimesieeddo embedsomemanifold (respectivelymany-valuedmanifold or
atlas)into a higherdimensionakpaceThisis therole of Embed. A manifoldcanbe
embeddedby connectingt to anycoordinatesubspacef a coordinatesystemwith
dimensiongreaterthanthatof theembeddednanifold. An embeddings determinedy a
list of coordinateshatspecifythe orientationof theembeddednanifoldanda point
whereits origin is posted Actually, a manifold canalsobe embeddedby connectingt to
any coordinatesubspacef anothemanifoldhavinga greaterdimension.
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e0 =Ring @r, 1+ 3, 1<, 8q, 0, 2 p<b;

el = Embed®0, Cartesian @x, y, z<D, 8x, y<, 1+281, -1, -1<D

e2 = Embed@0, Cartesian @x, y, z<D, 8y, z<D,

e3 = Embed@0, Cylindrical @r, q, h<D, 8q, h<, 83+ 2, p, 0<D;

e4 = Embed@0, Torus @.5 D@r, 0, 1<, 8q, 0, 2p<, 8, 0, 2p<Db,
8q, j<, 81, p* 2, 0<b

Draw@\tlas @el, e2, e3, e4<D, PlotPoints ® 84, 30<,

PlotRange ®88-2.2, 22 <, 8-15, 3<, 8-1.1, 1.1 <<,

ViewPoint -> 81.7, -23, 1.1<D

...Graphics3D
To permutecoordinatespnemay play with the orderof symbolsin thethird argumenbf
Enmbed. Hereis anembeddingf a many-valuedmanifoldimplementinga fractal.

Embed@JanifoldIFS  @bierpinsky2DIFS
Manifold @u, H1 - uL v<, 8u, 0, 1<, 8v, 0, 1<D, 4D,
Spherical @r, q, j<D, 8q, j<, 81, -p+4, 0<D
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Draw@4 PlotPoints ® 2, Ticks ® None, BoxStyle ® GraylLevel @.5 DD

...Graphics3D

As aremark,aconnectioris a particularembeddingvherethe dimension®f the
embeddedndembeddingpacesreidenticalandthe pointis the origin.

carrier = Manifold @u-+v, u-v, uv<s, 8u, -1, 1<, 8v, -1, 1<D,
Connect @lanifold @r Cos@D, r Sin @ D<, .

8r, 13, 1<, 8t, -3 Pi * 4, 3Pi e 4<D, carrier DS
Embeda@vanifold @r Cos@D, r Sin @D<, 8r, 1« 3, 1<,

8t, -3 Pie4, 3Pi e 4<D, carrier , 8u, v<, 80, 0<D

True

The embeddingonstitutesa powerfulshapegeneratorsin thefollowing examplea
torusis built by two successivembeddingsarectanglds first embeddedhto a
cylindrical coordinatesystemwith a convenientxis,whichyieldsa cylinderthatin turn,
is embeddedhto anothercylindrical coordinatesystemwith anorthogonakxis,which
yieldsthetorus.

c0 = Parallelogram @81, 0<, 80, 1<<D@u, 0, 2p<, 8v, 0, 2p<D;

cl = MapAt@RrotateLeft

Embed@0, Cylindrical @r, q, z<D, 8q, z<, 81, 0, 0<D, 1D,
c2 = Embed@1, Cylindrical @®r, q, z<Db, 8r, q, z<, 82, 0, 0<Dh
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Draw @
DrawingStyle @O0, PlotPoints ® 87, 6<D,
DrawingStyle @1, PlotPoints ® 815, 7<D,
DrawingStyle @2, PlotPoints ® 815, 20<D
<, Axes ® None, BoxStyle ® GrayLevel @.5 DD

...GraphicsArray

Similarly, aMoebiusribbonis built by embeddingan helicoidinto a cylindrical
coordinatesystem.

hl = Manifold @

82+t Cos@ + 2D, I, t Sin @ » 2D<, 8t, -1, 1<, 8|, 0, 2p<Db;
h2 = Embedarl, Cylindrical @r, q, z<D, 8r, q, z<, 82, 0, 0<Dh
Draw@hl, h2<, PlotPoints ® 84, 20<,
Axes -> None, BoxStyle ® GrayLevel @.5 DD

...GraphicsArray

Extrusions
Extrusionis afeaturecommonlyencountereéh drawingor CAD applicationsThe
analyticalapproacho manifoldslendsitself well to anextensiorof thecommon
extrusionprocessy meansof parametrizedransformations.

Extrude @anifold @_, d___ D, tr_ , p__List De;

MemberQ@r , Apply @Alternatives , Map@First , 8p<DD, 8-1<D: =
Manifold @r @D, d, pD

The ordinaryextrusionis no moreno lessthana singleparametetransformation
extrusionin the caseof atranslation An embeddingnaybenecessaryo initiate the
processMany-valuedmanifoldsaswell asatlasesanalsobeextruded.
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Draw@Extrude @
Embed@ManifoldIFS  @sierpinsky2DIFS , Manifold @u, HL - uL v<,
8u, 0, 1<, 8v, 0, 1<D, 3D, Cartesian @x, y, z<D, 8x, y<D,
Translation @0, 0, h<D, 8h, 0, 1« 5<D, PlotPoints -> 2,
Axes -> None, BoxStyle ® GraylLevel @.5 DD

...Graphics3D

Ruledsurfacesgylindrical shapespbjectsof revolution,conicobject%4 areobtainedby
specificextrusionghatdeservespecificoperatormaamedS! i de, Revol ve¥a

Revol ve moreor lesssupersedeSur f aceOf Revol ut i on, especiallywhenused
with the spinningtransformationywhosefirst parametecorresponds$o therevolution
axis,andit naturallyextendgo solidsof revolution.
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Draw @

Revolve @/anifold @x, 0, z H2 + Sin @&DL<, 8x, 0, 2p<, 8z, 0, 1<D,
Spinning @0, 0, 1<, gD, 8qg, 0, 3p* 2<D,

PlotPoints ® 812, 3, 25<D

...Graphics3D

Duplications
A duplicationis anaccumulatiorof transformednanifoldsbutit canalsobeviewedasa

stepwiseextrusion;soDupl i cat e hasbasicallythe samestructureasExt r ude. By
default,it generates many-valuedmanifold.
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Draw@uplicate @anifold @HL - uL Abs@D+u, v, 3HlL- v*2L<,
8u, 0, 1<, 8v, -1, 1<D, Precession @D, 8q, 0, 3p* 2, pe* 2<D,
PlotPoints -> 82, 20<, Axes ® None, BoxStyle ® GrayLevel @.5 DD

...Graphics3D

Possibleapplicationgo the geometryof vaultsor moregeneralbproblemsin architectural
designarementionecby Cerny[18].

Animations and ray tracing
Movi e hasbasicallythe samestructureasDupl i cat e, exceptit generatesin
animationby successivelyglisplayingthe generategictures.lt is intendedo supersede
the variousmovie-plotting command®f the packagea aphi cs™ Ani mation” . It
neverthelesseuseghebasiccommandAni mat e.
Movie @anifold @u, Cos@DSin @D, Sin @D Sin @D<,
8u, -Pi, Pi<, 8v, 0, 2Pi<D, Precession @D,

8g, 0, p, p* 2<, Axes ® None, Boxed ® False D;
Finally, atool developedy Maederto convertandexportsurfacegraphicsdatato ray
tracingprogramsdeserveso bementioned19].

Homotopy (morphing) and interpolation

Providedlinearoperationcanbe definedwith respecto sometype of objects the
homotopictransformatior(1-k) O; + k O, ki [0,1], definesall intermediaries between
theobjectsO; andO,, i.e.,alinearinterpolationbetweerthesetwo objects.In thecase
of manifolds,theideacanbegeneralizedo non-linear interpolation providedweighting
functionsarespecified.It canalsobe generalizedo polynomialinterpolation.

Homotopyis a powerfulshapegeneratothat produces-dimensionalmanifoldsby
generatingll theintermediariebetweertwo n-1 dimensionamanifolds(valid only for
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single-valuedmanifolds).If thedomainsarenotidentical,the manifoldsmustfirstly be
normalized.

In somecasesgeometricdomainsarepresentedn theform of thesocalledcylindrical
decompositionsylminEvl£vimax,v2min[v1}Ev2£v2max[v1],v3min[vl,v2Ev3E
v3max[vl,v2¥s Thatis typically theway integrationdomainsarespecified Homotopy
thentransformghosepatchesnto manifolds.Thisideawassuggestetby Tavouksoglou
andFreedin [20, 21].

Manifold @
Patch @x, y, z<, 8x, 0, 1<, 8y, 0, 1- x<, 8z, 0, 1- x- y<DD

Manifold @x, HL- xLy, HL- x- H1L- xLyL z<,
8x, 0, 1<, 8y, 0, 1<, 8z, 0, 1<D

Draw@anifold @Patch @u +v, u- v<,
8u, -1, 1<, 8v, u™4-2u”™2, 2- Hu+ Abs@DL<DDD

?

1F

...Graphics

Future Directions

Thanksto their analyticalpotential, manifoldsconstitutea naturalfoundationfor
differentialgeometryfield theoryandalsosomemodellingapplicationsA datastructure
is introducedo describescalar vectoror tensorfields (or anyothersortof field) over
manifolds.The principle of anextensiorof vectoranalysisto tensoranalysiss
describedthatapplyto manifoldsaswell asto coordinatesystemsFinally, alink with a
finite elementpackagés presented.

Fields and Distribution Theory

Let usprocesdields asdistributionsovermanifolds.For thatpurposewe introducethe
Dirac distributionovera manifold,which is definedby therule[22, 23]:

| <Gn,j >=0 ] am
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with m somemanifold,j belongingto somefunctionalspaceWhenthedomainandthe
codomainhavethe samedimensionthe Dirac distributionis no moreno lessthanthe
characteristidistributionof the manifold. The propertiesof the Dirac distributionovera
manifoldyield the following transformatiorrule (for experimentapurposewe use
Del t a ratherthanDi r acDel t a).

SimplifyDirac @lpha_ * Dirac @n: Manifold @_, c__ Db@ar_DD: =

Halpha ¢. Thread @ar ® pDL * Dirac @D@ar D

Then,onerecovergheclassicafield computationsn theform of manipulationswvith the
Dirac distribution.Indeed thedistributiona d,, describes field (or therestrictionof a
field) a overm, sotheconstrucitanbe usedasa datastructurefor fields. Then,many
physicalfields areexpressedsthe convolutionproductof someGreenkernelby a Dirac
deltadistribution.Thisis the caseof the electricpotentialresultingfrom a uniform
densityof chargeoveracirculardomain.

GreenKernel @_, e_: eD: =1+« Simplify @ pe Sqrt @.vDD

Convolution @breenKernel

Dirac @lanifold @r8Cos@D, Sin @D, 0<, 8q, 0, 2 p<DD,
8r, 0, h<, GenerateConditions -> False D

a Differential Geometry

The basicingredientsof differentialgeometryarethetangentmanifold (jacobian
computationandthe metric. The Christoffel coefficientsandotherdifferential
characteristicg¢curvaturetorsiori/s) canbetreatedn asimilarway.

Tangent manifold
Onemustdistinguishthetangentmanifold computedat somepoint, whichis an
(hyper)-plane,from thefield of tangentmanifolds,which canbeviewedasa manifold
overanabstracspacewith twice theinitial dimensionthetangentundle).
TangentManifold ~ @n: Manifold @_, _ D, pt_List D:=
Manifold @+HJacobianMatrix @, Coordinates @vDD e

Thread @Rule @oordinates @D, pt DDL. Map@Dt,. Coordinates  @rDD,
Apply @equence, Map@t, Coordinates @rDDDD

TangentBundle @n: Manifold @ _, _ DD: =
Manifold @t @D, Join @oordinates @D, Map@t, Coordinates @rDDDD

m= Manifold @x"2+y”"2, -2xy<, X, yb

TangentManifold @n 8- 1, 1<D

Manifold @- 2 Dt@D+2 Dt@D, - 2 Dt@D+ 2 Dt @D<, Dt@D, Dt@DD
TangentBundle @rD

Manifold @2 x Dt@D+2y Dt@D, -2y Dt@&D- 2 x Dt @Dx,
8x, y, Dt@&D, Dt@D<D

Metric
Whenthe codomainis aneuclideam-dimensionalspacewith its canonicaimetric, this
determineaninducedmetricon the manifold.

EuclideanMetric @n: Manifold @_, c__DD: =
With @jac = Transpose @acobianMatrix @, Coordinates @rDDD<,
Simplify @Duter @ot, jac , jac , 1DDD
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Simplify  @tuclideanMetric @orus @D@, 8q, 0, p<, 8j, 0, 2 p<DDD e~
MatrixForm

HR+r Cos@DL® 0 ¥
{(O r2 g

Whenthe codomairhasno prior metricstructure anexplicit metriccanbegiven.

HalfPlanePoincareMetric @
Manifold @_, _<, 8u_, - ¥, +¥<, 8v_, 0, ¥<DD: =
| A2 v~ 2 IdentityMatrix @D

Vector and tensor analysis

In orderto extendto manifoldsthe classicaformulationof vectoranalysisn termsof
coordinatesystemslet usintroducethefollowing polymorphicschemegivenin thecase
of Covar i ant D butvalid for suchoperatoraasGr ad, Di v, Cur | orLapl aci an.
Fieldsovermanifoldsareprocessethy meansof theDi r ac distributionintroduced
above.Actually, the extensiorto tensoranalysismusttakeinto accountnonorthogonal
coordinatesystemssoit requiresheintroductionof anoperatorcomputingthe covariant
derivative(Covar i ant D); for antisymmetridensorstheexteriorderivative

(Ext er i or D) shouldbeintroducedoo.

SetAttributes @CovariantD , HoldRest D
CovariantD @calar_ , cs_@oord_ DD: = Map@@calar , #D&, coord D
CovariantD @calar_ * DiracDelta @n D@ DD-;
Apply @\nd, Map@reeQ @ield , #D&, vDD: =
Map@@calar , #D &, Coordinates @rDD* DiracDelta @rD@ D

CovariantD @ Cos@D, Polar @r, q<DD
8Cos@D, -r Sin @D<

CovariantD @@, qD* Dirac @
Manifold @Polar @, gD, 8r, 1, r<, 8q, 0, 3pe* 2<DD@x, y<DD

9DiracDelta AManifold APolar @, gD, 8r, 1, r<, 9q, O, %EE@
8x, y<Ds™ %@, gD,

DiracDelta AManifold APolar @, gD, 8r, 1, r<, 9q, O, %:EE@
8x, y<Ds™ 1L @, qD=

a Applications to Mechanical Engineering
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Beyondobviousapplicationgo spaceor space-timemodelling,manifoldshaveusesin
mechanicakngineeringespeciallypby meanf interactionswith finite element
packagesThedetailsdependn thedatastructureusedfor finite elementsHereis an
examplewith thedIMTEK Mathematice&Supplemers packagd24, 25].

Needs @ Manifolds " Mesher® "D
m2D= Manifold @r Cos@D, r Sin @D<, 8r, 1, 2<, 8t, 0, p* 2<D;
nexus2D = TolmsNexus @n20 8r, 3<, 8t, 5<D

- imsNexus -
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Q-

Show@Graphics @imsDrawElements @nexus2D DD,
AspectRatio ® Automatic D

...Graphics

nexus2Dis notonly ameshbuta structuredifferentiatingboundarynodesfrom interior
nodes.ableto takeinto accountoundaryaluesin view of furthercomputations.

Discussion and Prospects

Foundedbn areificationof parametriagepresentationshis computationabpproactio
manifoldsleadsto a uniform treatmenof questionghatarisein differentialgeometry
andfield theoryplusotherdomainssuchasshapedesign fractalgenerationscene
descriptionor meshgenerationln particular,it hasthe potentialto supersedgarious
graphicpackagesNumerousoperatorgjeneratenoreor lessintricateor distorted
manifoldsby twisting andcombiningsimplerones.

As opposedo thefunctionalapproactof plotting commandshatbuildsshapedy
assemblindow level graphicprimitives,manifoldsleadto a higherlevel descriptionof
shapeghatcanbe definedby compacisymbolicexpressions;atherthanhugeassemblies
of raw graphicprimitives. This symboliclayerpavesheway for a conciserepresentation
of many-level systemsthenprocessedswholes,suchasspatialsceneslinkagesor
otherassembledystems.

Neverthelesshe setof packageslevelopedor thatpurposds primarily intendedfor
investigationaboutthefeasibility of this project:testingremainedminimal, thereareno
messagegxceptiondavenot beeninvestigatedhoroughlyandthe packagesnight
haveto bereorganizedThe systemof optionsassociateavith manifolds,atlasesandthe
Dr aw commandshouldbeimprovedwith a betterfiltering mechanismThe option
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specificationdr awi ngSt yl e andDr awi ngOpt i ons areexperimentafeatureghat
shouldbetestedthoroughly.

In the caseof intricatesystemsa mechanisnfor namingandretrievingthe
subexpressiondescribinghe correspondingubsystemssould be welcome.For
instance namingindividual figureswould occasionallybe usefulin the caseof geometric
scenesAlso, it would beinterestingo enabldinks with geometrypackagedike
Geometrica[26]

Parametriagepresentationdo notlendthemselvesvell to thealgebraicapproachfrom
which a substantiapartof the powerof computeralgebraderiveswhichweakenghe
ideaof afull symbolictreatmenbf form. Becausehe parametrizatiomf implicitly
definedmanifoldsremainsa basicallyunsolvedproblem(exceptin particularcases]27],
therelationshipbetweerparametriaepresentationandimplicit definitions(cartesian
description®r inequalitiesyemaindoose.Consequentlythe analyticaltreatmenbf
manifoldsdoesnotlenditself well to booleanoperationsyhich requirealgebraic
computations.

TheDi r ac distributionassociateavith manifoldshasnot beeninvestigatedhoroughly.
In particular,its compatibilitywith theDi r acDel t a definedin thekernelshouldbe
analyzedMore generally therecourseo the Dirac distributionto represenfields over
manifoldsis anexperimentafeaturethatshouldundergcdfurtheranalysis.

Neverthelesgshe majorrole of the analyticalapproachn physicsgivesimportanceo
this way of representingndmanipulatingmanifolds;sodoesits capabilityto blendand
supplemenavariety of tools,scattere@boutvariouspackages.

Conclusion

Foundedon reified parametrizationghis algorithmicapproacho manifoldsleadsto a
generictreatmenof form modelling,encompassinghapedesign differentialgeometry
andfield analysiswith directapplicationdo mechanicaéngineeringlt hasalsothe
potentialto supersedseverapackageslt introducesa unified viewpointthatnot only
gathersandsupplementsa variety of graphictools, scatterecboutseverapackageshut
alsoenablesa symbolicapproactto form, thatencodesn avery conciseway thevarious
entitiesencounteredh form modelling.As suchi,it constitutesa possiblefoundationfor a
computationamorphology.

References
[1] X-S. Gao, D. Wang: Mathematics Mechanization and Applications, Academic Press, 2000.
[2] G. Lakoff, R. Nunez: Where Mathematics come from, Basic Books, 2000.

[3] E. A. Lord, C. B. Wilson: The mathematical description of shape and form, Ellis Horwood,
1986.

[4] R. Barrere, The Structuring Power of Mathematica in Mathematics and Mathematical
Education, International Mathematica Symposium IMS-99, 1999 ;

hitp-//south rotol ramk fi/lkeranen/IMS99/ims99papers/ims99papers himl.
[5] T. Wickham-Jones: Mathematica Graphics, Springer-Verlag, 1994.

[6] M. Trott: The Mathematica Guidebook for Graphics, Springer-Verlag, 2004.

8th International Mathematica Symposium



32 Rémi Barrere

[7] A. Gray: Modern Differential Geometry of Curves and Surfaces with Mathematica, CRC
Press, 1998.

[8] J. W. Gray: Mastering Mathematica, Academic Press, 1994.
[9] R. Maeder: Computer Science with Mathematica, Cambridge, 2000.

[10] M. Attéia, J. Gaches: Approximation Hilbertienne, Editions de Physique et Presses
Universitaires de Grenoble, 1999

[11] M. Barnsley: Fractals Everywhere, Academic Press, 1988.
[12] S. Wagon: Mathematica in Action, Freeman, 1991, 102-108.

[13] J. M. Gutiérrez, A. Iglesias, M. A. Rodriguez, V. J. Rodriguez: Fractal image generation
using iterated function systems, International Mathematica Symposium IMS'95; in
V. Kerénen, P. Mitic: Mathematics with Vision, Computational Mechanics Publications,
1995, 175-182.

[14] D. von Seggern: CRC Standard Curves and Surfaces, CRC Press, 1993.

[15] R. Goetz, S. Wagon: Adaptive Surface Plotting: A Beginning, Mathematica in Education
and Research, 5(3), 1996, 74-83.

[16] A. Kuzniarek: Making the Perfect Picture, The Mathematica Journal, 4(4), 54-60.
[17] C. H. Edwards: Twisted Tubes, The Mathematica Journal, 3(1), 10-13.

[18] J. Cerny: Geometry and Architecture, in Proceedings of the 9th European Seminar on
Mathematics in Engineering Education, Arcada Polytechnic, 1998, 27-30.

[19] R. Maeder: Ray Tracing and Graphics Extensions, The Mathematica Journal, 4(3), 48-55.

[20] A. N. (Tom) Tavouktsoglou, B. Freed: Parametric Representations of Surfaces over
Arbitrary Domains, Mathematica in Education and Research, 3(1), 1994, 20-23.

[21] A. N. (Tom) Tavouktsoglou, B. Freed: Drawing Mathematical Solids, Mathematica in
Education and Research, 3(4), 1994, 22-24.

[22] L. Schwartz: Théorie des distributions, Hermann, 1966.
[23] L. Pinchard, Electromagnétisme classique et théorie des distributions, Ellipses, 1990.

[24] O. Ribenkdnig, Z. Liu, J. Korvink: Integrated Engineering Development Environment,
International Mathematica Symposium IMS'05, 2005,

https'//internationalmathematicasymposium.org/IMS2005/
[25] O.Riibenkdnig, J. Korvink, IMTEK Mathematica Supplement (IMS)g, 2002-2005, IMTEK.
Mathematica Supplement (IMS).

[26] B. Autin: Geometry and reality in Geometrica05, Wolfram Technology Conference, 2005,
mﬂwﬂmmmw i i .

[27] D. Cox, J. Little, D. O'Shea: Ideals, Varieties and Algorithms, Springer, 1997.

a Available Material

An experimentatetof packagess beingdevelopedo investigataheideaspresentedn
the paper .t is availableat
hitp://macmaths ens?m fr/M athematica/packages/M anifolds zip (seealso
http://macmaths ens2m fr/Mathematica, menulPackageg).
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