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Viscoelastic constitutive laws arising from series and parallel connections of springs and
dashpots can be easily formulated in symbolic form using the simple Mathematica code
presented here. Viscoelastic quantities as the Q—factor and the relaxation function are
also computed from symbolic (if there is no need to factor higher—order polynomials), or
numeric data. The general symbolic form of the elasticity tensor in a given
crystallographic class (e.g., monoclinic, cubic, and transversely isotropic) is obtained
here from its symmetry properties. One—dimensional viscoelastic models, when applied
to the eigenvalues of the stiffness operator of an elastic anisotropic medium, yield
realistic 3—D viscoelastic models.

m 1. Introduction

Perfecta elasticitas esse nequit: nam partes subjaciuntur attritu, hoc attritu vis
quaedam perit.  (P.V.Musschenbroek,762)

As suggested by the quotation (Ianniello, 1993), viscoelastic constitutive laws are to be
used, in geophysics and materials engineering, to model intrinsic attenuation of
mechanical waves that propagate in dissipative media (Carcione, 2001). Although the
first general theoretical formulation of viscoelasticity dates back to Ludwig Boltzmann
(1874), this topic is still an active field of research (Fabrizio and Morro, 1992).

The main causes of anisotropy in the earth are: microstructural anisotropy of the
minerals that form the rock, fine layering, and fracturing: indeed, homogenization theory
allows researchers to model isotropic inhomogeneous media with equivalent, but
simpler, homogeneous anisotropic media (Crampin, 1981). Nowadays, anisotropic data
acquisition and processing is becoming an industrial standard in geophysical exploration
and in reservoir engineering (Helbig, 1994).

One—dimensional viscoelastic models can be embedded into anisotropic elastic models
to yield three—dimensional viscoelastic rheologies able to describe adequately the
mechanical behaviour of realistic dissipative materials (Carcione and Cavallini, 1994).

In this paper we give some examples of how Mathematicamay be profitably used to
perform the symbolic computations needed to work out a suitable constitutive law, which
is a necessary step preliminary to any numerical simulation of wave propagation.
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m 2. One—-dimensional viscoelasticity

Classical viscoelastic rheological models (e.g., Kelvin—Voigt, Maxwell, Zener and
Burgers) arise from the series/parallel connection of two basic building blocks: the spring
and the dashpot. The resulting constitutive laws may be expressed in time domain
through a convolution integral (Boltzmann superposition principle) or, equivalently, as
an ordinary differential equation. By Fourier transforming, one obtains the
frequency—domain representation of the constitutive model, which is often useful in the
applications. Hence, various wave—related quantities may be computed, e.g., complex
velocity, slowness, wavenumber, attenuation, and quality factor.

O 1. Basic concepts

1. Stress and strain

In 1-D viscoelasticity, stress S(X,t) and strain e(X,t) are real functions of
position X and time t . Strain e(Xx,t) is related to displacement u(X,t) through the
kinematic equation

e (x, t) = u(x, t) (1)

ox
while stress S(X,t) with mass density o and displacement u( X, t) satisfy the
momentum balance

GSXt* OZU
*‘(-)—05{7‘

ox
which is the counterpart in continuum mechanics of Newton’s second law in particle
dynamics. For convenience, the dependence on the space variable X will usually be
understood.

(X, t) (2)

2. Constitutive laws
In general, a linear causal and time—invariant stress—strain relationship is expressed by
the Boltzmanrsuperpositiorprinciple

s=C xe (3)

where Cis the relaxationfunction,the prime (’ ) denotes time differentiation, and the
asterisk (*)  indicates time convolution.

In the frequency domain, the constitutive law is suitably expressed through the complex
modulus, which is the ratio between the Fourier transforms of the stress and the strain.

Of special importance are the so—called differentialmodelswhich have the form

ag S (t)+ay; s’ (t)+.. +ams™ (t) =

boe (t)+bye (t)+.. +b,e™ (t) (4)

and so they may be represented with the pair of their coefficient sequences
{{a()a a11 1 am}v {b01 bl ) ) bﬂ}} (5)
Conversely, we may pass from (5) to (4) by using
ConstitutiveLaw[nodel , e , s ,t 1:=
Sum[rodel [17[k] = Derivative[k -11[s][t],
{k, 1, Length[nodel [1]]}] =

Sum[rodel [2][k] *Derivative[k -1][e][t],
{k, 1, Lengt h[nodel [2]]1}1;
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as will be shown in the Section on classical rheologies.
The complex modulus of differential models is simply given by

Conpl exModul us[nodel _, w_]: =

Wth[{diff =1 xw},

Sum[nodel [21[k] »di ff" (k-1), {k, 1, Length[nodel [2]]
1

17/
Sum[nodel [1Q7[k] »di ff" (k-1), {k, 1, Length[nodel [1]]}]

}
10
Noting that the relaxation function coincides with the stress if the strain is a unit step, we
may compute the relaxation function with the following routine:

Rel axati onFunction[nodel , s , t 1:=
I f [Lengt h[nodel [1]] ==

s[t] /. FlatteneSol ve[ConstitutiveLaw[nodel, UnitStep, s, t]
, S[t11, s[t] /. FlatteneDSol ve[
{ConstitutiveLaw[nodel, UnitStep, s, t],
Tabl e[Derivative[k][s][-1] ==0 // Uneval uat ed,
{k, 0, Length[nodel [1]] -1}]
}//Flatten, s[t], t]]

3. Energy-related quantities

By introducing the particle velocityv :=  du/ 6t , the Umov—Poyntingvariablep :=
sv, thekineticenergy Ex := 1/2 p v?,and the potentialenergy Ep := 1/2
s e, from the momentum balance (2) we get the energy balance

ap 5,
W:W(EK+EP)+PD (6)
where Pp ;= OEp/ 6t — e Os/ ot is the dissipatedbower.

For periodic motions of period 7, the amount of energy dissipation is usually expressed
by the quality factor Q, defined as

. (Bp)
Q:=4nr ==

where Ep :=7 (S de / 3t ) is dissipatecenergy with angular brackets representing
time average.

A straightforward computation shows that, for monochromatic waves, the quality factor
Q is given by the ratio between the real and imaginary parts of the complex modulus :
QualityFactorQ[nodel _, w_]:=
Conpl exModul us[model, o] // (Re[#] /1 m[#] &)

4. Wave propagation
The proper ansatz for investigating viscoelastic wave propagation is

u=UExp[i (KX - wt) ] (7)

where k = k + i @, with k and « the real wavenumber and attenuation, respectively (e.g.,
Hayes, 1980). Substituting (7) into (1)—(3) yields the propagation condition

M
VAR (8)
k P
where V' is the complexvelocity and M is the complex modulus. To describe wave
propagation, the most important parameter is the phasevelocityVp : = w / x, which can
be computed through

PhaseVel ocity[nodel , p , w_]:
1/Re[Sqgrt [p/ Conpl exModul us [m)del w]]l]
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O 2. Classical rheologies and beyond

The simplest and most used differential viscoelastic rheological models, which we call
classical, are obtained by connecting "springs" and "dashpots" either in series or in
parallel. A parallel connection of two models implies that they both undergo the same
strain and that the total stress is the sum of the two stresses, so that the resulting model is
given by
InParal |l el [rodel 1_, nodel 2_] : = Mdul e[

{Al, Bl1, A2, B2, Alp, Blp, A2p, B2p, x}, {Al, Bl} = nodel 1;

{A2, B2} = npdel 2; Alp = AlL. Tabl e[x~k, {k, 0, Length[Al] -1}7;

Blp = Bl. Tabl e[x"k, {k, 0, Length[B1] -1}];

A2p = A2. Tabl e[x"k, {k, 0, Length[A2] -1}1;

B2p = B2. Tabl e[x"k, {k, 0, Length[B2] -1}];

{Coef fi ci entList [Alp * A2p, X],

CoefficientlList[Alp*=B2p + A2p «Blp, x1}1;
while a series connection of two models implies that they both have the same stress and
that the total strain is the sum of the two strains, so that the resulting model is given by
I nSeries[nodel 1_, nodel 2_] : = Modul e[

{Al, Bl, A2, B2, Alp, Blp, A2p, B2p, x}, {Al, Bl} = nodel 1;

{A2, B2} = nodel 2; Alp = Al. Tabl e[x~k, {k, 0, Length[Al] -1}71;

Blp = B1. Tabl e[x"k, {k, O, Length[B1] -1}1;

A2p = A2. Tabl e[x"k, {k, 0, Length[A2] -1}1;

B2p = B2. Tabl e[x"k, {k, 0, Length[B2] -1}1;

{CoefficientlList[Alp%=B2p + A2p »Blp, x1,

CoefficientList[Blp*B2p, x1}1;

1. The spring
The spring model obeys Hooke’s law:

S (t) =pe(t)
and hence, according to (5), it may be represented as
O f [General ::"spel | 1"]
Springlu_]:={{1}, {u}}
On[CGeneral ::"spell1"]
while its phase velocity is simply the sound speed:
PhaseVel ocity[Spring[ul, o, w] //
Full Simplify[#, {u>0, p>0, w>0}]&

ol
o

2. The dashpot
The dashpot model behaves as a Newtonian fluid (frictional stress proportional to
displacement rate):

s (t)=ne’ (t)
and hence, according to (5), it may be represented as

Dashpot [n_] : = {{1}, {0, n}}

while its phase velocity is:
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PhaseVel oci ty[Dashpot [n], p, w] // Conpl exExpand //
FullSimplify[#, {n>0, p>0, w>0}]&

nw
/2 S
e

3. Kelvin—Voigt model
Kelvin—Voigtmodelconsists in a parallel connection of a spring and a dashpot:

Kel vi nVoi gt [u_, n_1:=1nParallel [Spring[u], Dashpot [n]]

which yields the stress—strain relationship
ConstitutiveLaw[Kel vi nVoi gt [u, n], e, s, t]
S[t]=peft]+ne [t]

and hence the relaxation function
Rel axati onFuncti on[Kel vi nVoi gt [u, n], s, t1]
n DiracDelta [t ] + u UnitStep [t ]

Moreover, the complex modulus is
Conpl exModul us [Kel vi nVoi gt [i, 1], w]
U+inw
and hence the quality factor Q follows:
Qual i tyFact or Q[Kel vi nVoi gt [u, n], w] // Conpl exExpand
L
nw
Finally, the phase velocity is:

PhaseVel oci ty [Kel vi nVoi gt [u, n], p, w] //
Conpl exExpand [#, Target Functions -> {Re, Im}] &//
Full Simplify[#, {u>0, n>0, p>0, w>0}]&

(U2 +n? w2)1/4 Sec[%ArcTan [Z27]

N U

4. Maxwell model
Maxwellmodelconsists in a series connection of a spring and a dashpot:

Maxwel | [u_, n_]1:=1nSeries[Spring[u], Dashpot [n]]
which yields the stress—strain relationship
ConstitutiveLaw[Maxwel | [u, n], €, s, t]
ust]+ns [t] =nue [t]
and hence the relaxation function
Rel axati onFuncti on[Maxwel | [u, n], s, t]
e’[% w UnitStep [t ]

Moreover, the complex modulus is
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Conpl exModul us [Maxwel | [y, 1], w]
inuw
U+1nw
and hence the quality factor Q follows:

Qual i tyFact or Q[Maxwel | [u, n]1, w] // Conpl exExpand
nw
u
Finally, the phase velocity is:

PhaseVel oci ty [Maxwel | [u, n], p, w] //
Conpl exExpand [#, Target Functions -> {Re, Im}] &//
Full Simplify[#, {u>0, n>0, p>0, w>0}]&

Sec [% ArcCot [1=]]
1/4

(02 (& + 7))

5. Zener model
Zenermodel(also called standardlinear solid) consists in a series connection of a spring
and a Kelvin—Voigt model:

Zener [uS_, {uK , nK }71: =
I nSeries[Spring[uS], Kel vinVoi gt [uK, nK]]

which yields the stress—strain relationship
ConstitutiveLaw[Zener [uS, {uK, nK}], e, s, t]
(LK+uS) s[t] +nKs’ [t] =puKuSe[t] +nKuSe’ [t]
and hence the relaxation function

Rel axati onFuncti on[Zener [uS, {uK nK}], s, t1//FullSinmplify

uS (uK+ e’u:’KK‘E/‘ uS) UnitStep [t ]
uK + uS

Moreover, the complex modulus is

Conpl exModul us [Zener [uS, {uK, nK}]1, w]

uKuS+1inKuSw
UK+ uS+1nKw

and hence the quality factor Q follows:

Qual i tyFact or Q[Zener [uS, {uK, nK}], w] // Conpl exExpand //
Ful | Sinplify
pK (uK+uS)  nKw
nKuSw - uS

Finally, the phase velocity is:

PhaseVel oci ty[Zener [uS, {uK, nK}1, po, w] //
Conpl exExpand[#, Target Functions -> {Re, Im}] &//
Full Sinplify[#, {uS>0, uK>0, nK>0, p>0, w>0}] &// Timng

s K2 K2 5 1/4
[6.60262 Second, | sl
Pl (uK+uS)” + K w2
1 K
Sec|[ 5 ArcTan | KES 11}
2 pK (UK + uS) +nK® w?
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6. Burgers model
Burgersmodelconsists in a series connection of a Maxwell and a Kelvin—Voigt element:

Burgers[{uM, nM }, {uK_, nK }]:=
I nSeries[Maxwel | [uM nM], Kel vi nVoi gt [uK, nK]]

which yields the stress—strain relationship
ConstitutiveLaw[Burgers[{uM nM}, {uK, nK}], e, s, t]

uKuMs [t ] + (nMuK + nKuM+ nMuM) s’ [t ] + nKnMs” [t ] ==
nMuKuMe’ [t ] + nKnMuMe” [t ]

and hence the relaxation function

Rel axati onFuncti on[Burgers[{uM nMy, {uK nK}1, s, t1//

Ful | Simplify
t ‘jﬂK,AMHjMUJKHA’\A}-\‘/ 419K MK M (7K MM (Ko M) ) 2 \\
e ZARTM uM(—r]MuK+ nKuM+
t <4 7K MUK aMr (7K MM (iK M) ) 2
nMuM+ e TR (MMuK - (nK+nM uM) +
> t -4 K MUK 1M (7K GMenM (1K M) ) 2
J—4 nKnMuK M+ (nKuM+ nM (uK+ uM) )™ + e R

%4 nK nMuK uM+ (nK uM+ nM (uK + uM) )2 J UnitStep [t ]]/

(2 =4 K MUK M+ (0K aMs M (1K + M) ) 2 )
Moreover, the complex modulus is
Conpl exModul us [Burgers[{uM nM}, {uK, nK3}l, w]

i nMuK uMw - nK nMuMw?
uKuM+ i (nMuK + nK uM+ nMuM) w - nK nMw?

and hence the quality factor Q follows:

Qual i tyFactor Q[Burgers[{uM nM, {uK, nK}1, w] //
Conpl exExpand // Ful | Si nplify

nMw (uK (LK + M) + ;7K2 w? )
uM (uK2 +nK (nK+nM) w? )
Finally, the phase velocity is:

PhaseVel oci ty[Burgers[{uM nM, {pK, nK}l, p, @] //

Conpl exExpand[#, Target Functions -> {Re, Im}] &//

Ful | Sinplify[#, {uM>0, uK>0, nM>0, nK>0, p>0, w>0}]&//
Ti m ng

{15.9539 Second,

nMuMw
)

1
Sec| - ArcCot

1/4
LK? 4 K? w?

(MK uM+ M (uK + 1M )2 w2 + (uK uM- 7K nMa?

>2

[nMw (uK (LK + M) +r)K2 wz) H}
UM (LK? + 0K (nK+ M) w2 )

7. ...and beyond
Of course, more complex differential viscoelastic rheologies can be devised and analyzed
along the lines seen above.
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m 3. Anisotropic elasticity

The classification of anisotropic materials relies upon the invariance properties of the
strain energy with respect to symmetry groups of rotations and reflections (Landau,
1990). The computation of the corresponding elasticity tensor requires tricky and lengthy
procedures. With Mathematica’'s symbolic tools, this goal may be achieved just using the
very definitions, so avoiding to handle the cumbersome Bond’s transformation (Auld,
1990).

O 1. Anisotropic Hooke’s law

The anisotropic Hooke’s law states that stress S and strain E are linearly related through
the stiffness operator C :

S=CE (9)
or, in component notation,
Sj =Cik €« (10)

so that the stiffness operator C is also called the stiffness tensor.

The stiffness tensor has 3* = 81 components, but at most (6x6—6)/2+6=21 of them
are independent, because stress, strain and stiffness operator are all symmetric. This
yields

stiffnessTensorC=
Tabl e [ToExpressi oneStri ngJoi n[ToString /e
Flatten[{c, Sort [{Sort [{i, j3}], Sort [{k, }1}1}11]
{3y, {3 {k, 3}, (I, 311
stiffnessTensorC// Matri xForm
%// Flatten // Uni on
%// Length

c1111 c¢l1112 c1113 cl112 cl1212 c1213 c1113 1213 ¢1313
cl112 1122 c1123 cl212 cl1222 c1223 cl1213 ¢1322 ¢1323
c1113 ¢1123 c1133 c1213 c1223 ¢1233 c1313 ¢1323 ¢1333
cl112 c1212 c1213 cl122 c1222 c¢1322 cl123 ¢1223 ¢1323
cl212 c1222 c1223 cl222 c2222 ¢2223 cl223 2223 ¢2323
cl1213 ¢1223 ¢1233 cl322 2223 ¢2233 c1323 2323 2333
c1113 c¢1213 c1313 cl123 c1223 ¢1323 c1133 ¢1233 ¢1333
cl213 1322 ¢1323 c1223 ¢c2223 ¢2323 c1233 2233 ¢2333
c1313 ¢1323 ¢1333 c1323 2323 2333 c1333 2333 ¢3333

{c1111, c1112, c1113, cl122, cl1123, c1133, c1212,
c1213, cl222, cl1223, c1233, c1313, c1322, cl1323,
c1333, c2222, c2223, c2233, ¢2323, ¢2333, c3333 }

21

For convenience, we shall use the abbreviated index notation

singlelndex[i _, j_]:={{1, 6, 5}, {6, 2, 4}, {5, 4, 3}}[i, |1I;

so that the general stiffness tensor is
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stiffnessTensorC=
Tabl e [ToExpressi oneStri ngJoi n[ToString /eFlatten[
{c, Sort [{singlelndex[i, j], singlelndex[k, 171}1}11,
{3y, {0, 3) {k, 3}, (. 31D
stiffnessTensorC// Matri xForm
entriesC=stiffnessTensorC// Flatten // Union;

cll cl6 cl5 clé c66 c56 cl5 c¢56 c¢55
cl6 cl2 cl4 c66 c26 c46 ch6 c25 «c45
cl5 cl14 cl3 c56 c46 c36 ch5 c¢45 ¢35
cl6 c66 c56 cl2 c¢c26 c25 cld c46 c45
c66 c26 c46 c26 c22 cz24 c46 c24 c44
ch6 c46 36 c25 c¢c24 c23 c45 c44 c34
cl5 c¢56 c55 cl4 cd46 c45 cl3 c36 ¢35
ch6 c25 c45 c46 c24 c44 c36 c23 c34
ch5 c¢45 ¢35 c45 c44 c34 c35 ¢34 ¢33

Moreover, Voigt notation allows for the compact representation

doubl el ndex[k_]: =
{1, 1y, {2, 2}, {3, 3}, {2, 3}, {1, 3}, {1, 2}}IKD;
Fromlo["c3333", "cVoigt"][c3333_]:=
Tabl e[c3333[doubl el ndex [l 1 [1], doubl el ndex [l ][21,
doubl el ndex[J][1], doubl el ndex[J][211,
{1, 1, 6}, {J, 1, 6}1;
FronTo["c3333", "cVoigt"][stiffnessTensorC] // Matri xForm
cll cl12 «c13 «cl4 c15 cl6
cl2 c22 c23 c24 c25 c26
cl3 ¢23 ¢33 ¢34 ¢35 c36
cl4 c24 c34 c44 c45 c46
cl5 ¢25 ¢35 c45 55 56
clé c26 c36 c46 c56 c66

If we subject the reference system to a linear transformation F, then the stiffness tensor C
becomes

(C’ ) ijki = Crnnpq I:im an ka qu
which can be coded as

NewSti f f nessTensor Cpri ne[F_] : =
NewSt i f f nessTensor Cpri me[F] =
Tabl e[Sum[sti ffnessTensor C[m n, p, qJ

FIi, nI=FL, nl =«FIk, pI1*=FQOl, qI
i {m 3}, {n, 3}, {p, 3}, {q, 3}
,].{i » 3}, 4, 3} {k, 33 (I, 3}
O 2. Reflections and rotations
Reflections and rotations are easily coded using the tensor (or dyadic) product of two
vectors.
1. Tensor product
The tensor (or dyadic) product of two vectors, u and v, is the linear operator
Uuev : X » (V-X)u
whose matrix entries are

(U®V)ij = Uj Vj

In Mathematica it can be coded as
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Tensor Product [vecl_7?VectorQ vec2_?VectorQ] : =
CQuter [Ti mes, vecl, vec2]

2. Reflections
A mirror reflection with respect to a plane is a linear operator whose matrix is given by

Refl ectionMatrix[versor_]: =
IdentityMatri x[3] -2 Tensor Product [versor, versor ]

where ver sor is the unit vector normal to the symmetry plane.

3. Rotations
A rotation is a linear operator whose matrix is given by

Rot ati onMatri x[versor_, angle_] : =

Wth[{vTv = Tensor Product [versor, versor]}, (vTv
+ Sin[angl e] = Skew[ver sor ]

+Cos[angl e] = (IdentityMatrix[3] -VvTv))]

where

Skew[{vl_, v2_, v3_3}1:={{0, -v3, v2}, {v3, 0, -v1}, {-v2, vi, 0}}

For example, the rotation of an angle ¢ about the vertical axis is described by
RotationMatri x[{O, O, 1}, ¢] // Matri xForm
Cos[¢] -Sin[¢] O

Sin [¢] Cos[¢] O
0 0 1

3. Classes of anisotropic stiffness operators

In this section we give a few examples of how the previous arguments may be applied to
obtain the general form of the stiffness tensor in a given crystallographic class.

1. Monoclinic

Monoclinic stiffness tensors are invariant with respect to mirror reflection about a given
plane. For example, the coordinate plane y—z is normal to versor {1,0,0} and identifies
the reflection matrix

Refl ectionMatrix[{1, O, 0}] // Matri xForm

-1 0 0
0 1 0
0 0 1

The corresponding monoclinic stiffness tensor is obtained by solving the equations
generated by the invariance condition, and we note that at most 13 parameters are needed
to describe a monoclinic medium:
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Flatten[stiffnessTensorC] ==
Flatten[NewSti f f nessTensor Cpri ne[
Refl ectionMatrix[{1, O, 0}11]1 // Thread // Uni on

O f [Sol ve: : svars]
Sol ve[%% entriesOFC] // Flatten
On[Sol ve: :svars]

stiffnessTensorC/. %%

%// FronfTo["c3333", "cVoigt"] // Matri xForm
%// Flatten // Union // Rest

%// Length

{True, cl15 == -cl15, cl1l6 == -c16, c25 == -c25, c26 == -c26,
¢35 = -c35, ¢c36 == -c36, c45 == -c45, c46 == -c46}

{cl5 -0, c16 -0, c25 -0,
c26 -0, ¢35 -0, c36 -0, c45 -0, c46 -0}

cll cl12 cl13 «cl4 O 0
cl2 c22 c23 c24 O 0
cl3 ¢c23 ¢33 ¢34 O 0
cld c24 c34 c44 O 0

0 0 0 0 c55 ¢56
0 0 0 0 c56 c66

{cl1l, cl12, c13, cl4, c22, c23, c24, c33, c34, c44, c55, c56, c66}
13

2. Transversely isotropic

Transversely isotropic stiffness tensors are invariant with respect to all rotations about a
given axis. For example, the transversely isotropic stiffness tensors with vertical axis of
symmetry are obtained from the invariance condition:

Flatten[stiffnessTensorC] ==
Flatten[NewSti f f nessTensor Cpri me[
Rotati onMatrix[{0, 0, 1}, ¢]1]1 // Thread // Uni on;

O f [Sol ve: : svars]
Solve[%4 entriesOFC] // Flatten
On[Sol ve: :svars]

stiffnessTensorC/. %%
%// Fromlo["c3333", "cVoigt"] // Matri xForm

%// Flatten // Union // Rest
Count [% _ ?At onQ)]

{c34 -0, ¢35 -0, ¢c13 -»c23, c44 -»cb5, c36 -0, c45 -0,
cll - cl2 +2c¢c66, cl4 -0, c15 -0, c22 - cl2 +2c66,
c24 -0, ¢c25 -0, c46 -0, ¢c56 -0, c16 -0, c26 -0}

cl2 +2c66 cl2 c23 0 0 0
cl2 cl2 +2c66 c23 O 0 0
c23 c23 c33 0 0 0
0 0 0 c55 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66

{cl2, c23, c33, c55, c66, cl2 +2c66}
5

whence we note that at most 5 parameters are needed to describe a transversely isotropic
medium.
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This procedure may be applied even if the symmetry axis is oblique, although some
numerical trick is here advisable in order to speed up computations:

Flatten[stiffnessTensorC] ==

Flatten[NewSti f f nessTensor Cpri ne[

RotationMatrix[{1, 1, 1}/Sqgrt [3], Pi /11
111 // Thread // Union // N,

O f [Sol ve: : svars]
Sol ve[9%4 entriesOFC] // Flatten // Chop
On[Sol ve: :svars]

stiffnessTensorC/. %%
%// Fronlo["c3333", "cVoigt"]

%// Flatten // Uni on;
Cases[% _?AtonQ)]

%// Length

{cll - 1. c33, cl2 - 1. ¢33 -1. ¢35 +1. c36 +2. c66 - 2. c66,
cl3 - 1. ¢33 -1. ¢35 +1. c36 +2. c56 - 2. c66,

cl4 - 1. c36, c15 - 1. ¢35, c16 - 1. ¢35, c22 - 1. c33,

c23 - 1. ¢33 -1. ¢35 +1. c36 +2. c56 - 2. c66,

c24 - 1. ¢35, ¢c25 - 1. ¢c36, c26 - 1.
c44 - 1. c66, c45 - 1. c56, c46 - 1.

{{1. ¢33, 1.
1. c33 - 1.
{1. ¢33 - 1.
1. ¢33 - 1.
{1. ¢c33 - 1.
1. c33 - 1.
{1. c36, 1.
{1. ¢35, 1.
{1. ¢35, 1.

5

c33 - 1. ¢35 +1. c36 +2.
¢35 +1. c36 +2. c56 - 2.
c35 +1. ¢36 +2. c56 - 2.
c35 +1. ¢c36 +2. c56 - 2.
¢35 +1. c36 +2. c56 - 2.
c35 +1. c36 +2. c56 - 2.

c35, ¢34 - 1. c35,
c56, ¢c55 - 1. c66}

c56 - 2. c66,

c66, 1. ¢36, 1. ¢35, 1. ¢35},
c66, 1. ¢33,

c66, 1. ¢35, 1. c36, 1. c35},
c66,

c66, c33, 1. ¢35, ¢35, c36},

c35, 1. ¢35, 1. c66, 1. c56, 1. c561},
c36, ¢35, 1. c56, 1. c66, c56},
c35, ¢c36, 1. c56, c56, c66}}

{c33, ¢35, c36, c56, c66}

In this case, all the components of the transversely isotropic stiffness tensor are nonzero.

3. Isotropic

Isotropic stiffness tensors are invariant with respect to all rotations about any axis.
Actually, it is enough to require transverse isotropy with respect to two coordinate axes,
and the invariance condition now yields that two parameters are sufficient to describe an

isotropic medium:
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{Flatten[stiffnessTensorC] ==
Flatten[NewSti f f nessTensor Cpri ne[
Rot ati onMatrix[{1, 0, 0}, ¢]1]1 // Thread // Uni on
, Flatten[stiffnessTensor ==
Flatten[NewSti f f nessTensor Cpri ne[

Rotati onMatri x[{0, 1, O}, ¢1]1]1 // Thread // Uni on
} // Flatten;

O f [Sol ve: : svars]
Sol ve[%% entriesOFC] // Flatten
On[Sol ve: : svars]

stiffnessTensorC/. %%
%// FronfTo["c3333", "cVoigt"] // Matri xForm

%// Flatten // Union // Rest
Count [% _?At onQ)]

{c1l1 »c23 +2c55, c22 - c23 +2c55, cl12 - c23,
c66 - c55, ¢16 -0, ¢c26 -0, c14 -0, ¢c25 -0, c46 -0,
c56 - 0, ¢33 »c23 +2ch5, ¢c36 -0, ¢cl13 > c23,
cl5 -0, c24 -0, c44 - c55, c45 -0, ¢34 -0, ¢35 -0}

c23 +2ch5 c23 c23 0 0 0
c23 c23 +2ch5 23 0 0 0
c23 c23 c23 +2c55 0 0 0
0 0 0 ch5 0 0
0 0 0 0 ch5 0
0 0 0 0 0 ch5

{c23, c55, ¢c23 +2c55}

2

4. Cubic

Cubic stiffness tensors are invariant with respect to rotations of 77/2 about each princpal
coordinate axis. Accordingly, the invariance condition now yields that three parameters
are sufficient to describe a cubic medium:
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{Flatten[stiffnessTensorC] ==
Flatten[NewSti f f nessTensor Cpri ne[

Rotati onMatrix[{1, O, 0}, Pi /2111 // Thread // Uni on
, Flatten[stiffnessTensorC] ==
Flatten[NewSti f f nessTensor Cpri ne[

Rotati onMatrix[{0, 1, 0}, Pi /211] // Thread // Uni on
, Flatten[stiffnessTensor ==
Fl atten[NewSti f f nessTensor Cpri ne[

Rot ati onMatrix[{0, O, 1}, Pi /2]11] // Thread // Uni on
} // Flatten;

O f [Sol ve: : svars]
Sol ve[%% entriesOFC] // Flatten
On[Sol ve: : svars]

stiffnessTensorC/. %%
cubicC=%// FroniTo["c3333", "cVoi gt"1;
%// Matri xForm

%// Flatten // Union // Rest
Count [% _?At onQ)]

{cll - ¢33, c12 »c23, c13 -»c23, c14 -0, c15 -0, cl6 - 0,
c22 - ¢33, c24 -0, ¢25 -0, c26 -0, ¢c34 -0, ¢35 =0,
c36 -0, c44 - c66, c45 -0, c46 -0, c55 - c66, c56 - 0}

c33 ¢23 c23 O 0 0
c23 ¢33 23 0 0 0
c23 ¢23 ¢33 0 0 0
0 0 0 c66 O 0
0 0 0 0 c66 O
0 0 0 0 0 c66

{c23, ¢33, c66}
3

m 4. Anisotropic viscoelasticity

Using the correspondence principle, one can modify the eigenvalues of an elasticity
operator while retaining its original eigenvectors: in this way one gets a fully 3—-D
viscoelastic anisotropic constitutive model. This may be accomplished in three steps:

1. Write the stiffness tensor in canonical form, C.,, .
2. Compute the eigenstiffnesses, i.e., the eigenvalues of C.qy, .
3. In the principal—axis decomposition of C,, , substitute the eigenstiffnesses with
complex viscoelastic moduli.
Step 1 may be obtained with the function
FronTo["cVoigt", "cCanonical "] [cVoigt_]:=
Modul e[{a, b, F}, a=1/Sqrt[2]; b=1/2; F={{1, 1, 1, a, a, a},
{1, 1, 1, a, a, a}, {1, 1, 1, a, a, a}, {a, a, a, b
{a, a, a, b, b, b}, {a, a, a, b, b, b}}; cVoigt /F

so that the eigenstiffnesses of, e.g., a cubic stiffness operator are given with their
multiplicities (Step 2) by

Ei genval ues[FronTTo["cVoi gt", "cCanoni cal "] [cubi cC]]
{-¢c23 +¢33, -¢c23 +c33, 2¢23 +¢c33, 2c66, 2c66, 266}
in perfect agreement with Mehrabadi and Cowin (1990).

For further details and applications, see Carcione and Cavallini (1994).
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m 5. Conclusion

The numerical modelling of wave propagation in anisotropic viscoelastic media
(Carcione, 2001; Carcione et al., 1992) requires preliminary symbolic computations that,
although conceptually trivial, are tedious and error—prone if performed by hand. Using
the built—in Mathematica facilities for symbolic computation (including algebraic
manipulations, ODE solvers and Fourier transforms), one can produce software that
greatly simplifies this task and yields deeper geometric and physical insight. Our
treatment of viscoelastic rheologies may be adapted to simulate any network (e.g., in
electrical engineering or systems theory) of linear constituents connected in series and/or
in parallel.
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