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In parameterizedmechanism design, there are two contradicting requirements; i.)
keepthe governing equationasgeneralas possible(everything in symbolicform),
but ii.) be ableto quickly look at (or simulate) the mechanismand seehow the it
moves at every stageof the designprocess(which requires numeric representation)
. Handling symbolic and numerical representationtogetheris the baseparadigm of
symbolic manipulator programs like Mathematica.The solutionsdevelopedfor this
paradigm can be usedfor enhancingthe flexibility of the mechanismprototyping
application packagewritten in Mathematica.

In this talk 1 will showsomeexamplesof mechanismmodelling in LinkageDesigner
application package which utilizes this bundled symbolicand humeric
representation. The bridge betweenthe two representationis the substitution, that
enablesa one-way route going from symbolicto numeric representation. Two
mechanisma historical parabola drawing mechanismand the spirograph will be
considered asexamples. Besidethe powerful substitution, the replacementalso
widely utilized in LinkageDesigner. This simpletool canbe handy in solving
problems like inversekinematic problem. Two examples the inversekinematic
problem of a 6R robot and a 3DOF parallel mechanismwill be consideredhere.

Introduction

Parameterizethechanismmodelling,wasalwaysappealingo designershecausé can
greatlysimplify thedesignprocessMechanisndesignis aniterativeprocesssincethe
specificationsarecontinuouslychangingandthe mechanisnshouldadoptthesechanges.
Parametrizednechanismmodelscansupportthe evolutionof the design|if the changes
in the specificationcanbe followed with smalladaptatiorof the parametersThetheory
of computer-aidednechaniscmodellingdistinguisheswo mainmechanisrmodelling
techniqueghei.) augmentedndtheii.) embeddednethods. Thefirst approachmodels
the configurationof themechanismby avectorof Cartesiarcoordinatesthatdescribes
the locationsandorientationf thelinks relativeto thereferencdrame.In the
embeddedpproactgeneralizedor joint- coordinatesareusedto specifythepostures
of thelinks. Both modellingtechniquecanhandleparameterizechechanism$o some
extent,howeverthe selectednodellingtechniquenaturallyinfluenceshe datamodelof
the mechanismthetype of solveronehasto employandalsotype of problemsthatcan
be effectivelyaddressed.

Q-
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2 GaborErdos

In theaugmentedechniquehetopologyof the mechanisnis flattened becausehe
positionandorientationof everylinks aremaintainedelativeto the GlobalReference
Frame.Thetopologyof everymechanisntanbe modelledwith a simpletreehavingthe
groundlink in therootandall themovinglink connectedo theroot. Everylink of the
mechanisms definedwith 6 coordinateg in caseof planarmechanisnwith 3
coordinates)The physicalconstraintof the mechanisn{joints) aremodelledwith a set
of constraintequation.Thedifferenttype of constraintaremodelledwith specific
numberof constraintequations( e.ghingeimpose5 constraintequation) see[1].
Redundantonstraintequationsarecreatedf the mechanisntontaindoops.For
examplealoop closingrotationaljoint mightimposeg[5,4,...0]independentonstraint
equationglependingn the actualconfigurationof the mechanismBecausef the
topologyof thelinks arenottakeninto considerationysuallynot everyconstraint
equationsareindependentThisimplies,thatthe mechanisntan not be solvedwith an
ordinaryrootfinder algorithm( like EindRaat), butit requiresa specialsolver.This
specialsolveris ainherentlynumericalsolver(se42]) , thereforea parametrized
mechanism wherethe constraintequationsaregeneratedvith the parametersshould
be convertedo numericalonesbeforeoneposturecanbe calculated.

The big disadvantagef theaugmentednethod thatit requiresa specialsolverevenin
caseof kinematicmodelling.Howeverif onecouldeliminatetheredundantonstraint
equationspeforesolvingthem,a simplesolver(like EindRaot) couldbeemployedoo.
Onenaturalsolutionwould beto let the userresolvethe problem.Thisway the
independentonstrainiequationsanbe further processedevensolvedin closedform if
thereis a solution,thereforeit is bettersuitedfor parametrizednechanisnmodelling.

LinkageDesigners usingtheembeddedhotation.Inthis methodthe topologymatches
the kinematicgraphof the mechanismThekinematicgraphis anundirectedgraph
wherethe nodesrepresenthelinks andthe edgesof the graphstandgfor thejoints
betweerthelinks. To describehe configurationof the mechanisntherelative
transformatiorbetweerthe connectedinks areattachedo the edgeof the kinematic
graph.Theindependentariablesof thesetransformatiorarethedriving variablesof the
mechanismlf thekinematicgraphhasaloop, theloop closingkinematicpair is treated
differently. Insteadof therelativetransformationthe setof independentonstraint
equationgs attachedo the edgeof the graph.Because¢he embeddecdhotationworks
alwayswith minimal numberof constraineequationsanddoesnot requiresspecialsolver,
it cansupporteffectivelythe designprocessvenin caseof complicatednulti-looped
mechanism.

The parameterizethechanisnallowsthe designetto handlea family of mechanism
together By substitutinghe parametersvith numericalvalues,a specificinstanceof the
family is obtainedIn thefollowing sectionsa coupleof examplesnodelledin
LinkageDesigneapplicationpackagewill be presentedwhereonecanseethatbuilding
a bridgebetweerthe genericandspecificrepresentatioof afamily of mechanisntanbe
implementwith sucha simpleapproacHike substitutiorandreplacements.

Initialization
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a Parabola drawing mechanism

Avignon, June 2006

Eventheancientgreekmathematicianandengineersnventeddifferentkind of curve
drawingmechanismthathelpedthemto solvedifferentdesignproblemsAll of these
linkagesincorporateonespecialfeatureof the curves thatbecameheworking principle
of themechanismThefollowing paraboladrawingmechanismdescribedn [3] is most
probablyoneof thelatestinventionin thisfield, sinceaftertheappearancef the
personatomputersthesemechanisnwerenot usedanymore The mechanisnbasedn
thefollowing corollary.

Corollary 1
Giveng line perpendiculato theaxis(t) of the parabolgseeon Figurel). If thedistance
of g from the nosepoint of theparabolds OBy = 2 p, thanfor anarbitraryP point of
the parabolathe angleof
POBD = 90°, whereBistheintersectiorof eandglines elineis paralell
with t andpisthedistanceof thefocusandthedirectrixof theparabola

£ P2

Figure 0 Parabola construction

This corollaryimpliestheworking principle of the paraboladrawingmechanismpamely
if astraitangledtriangleis rotatedin the nosepoinbf the parabolathethird sideof the
triangle toucheghepointsof the parabolaThe mechanismaturallyshouldbe designed
in suchaway, thatthe BP sideof thetriangle(seein Figurel) shouldmoveup anddown
alongtheg line andalsoits sizeshouldallow shrinkandgrown. The designed
mechanisnmshownon Figure?2.
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Figure 0 Parabola drawing mechanism

The mechanismiefinitionis not presentedhere,only the pre-definedlinkageis used As
it wasalreadymentionedn theintroduction,LinkageDesigneemploystheembedded
mechanismmodellingmethod.Thisimplies,thatconstrainiequationsregeneratednly
for loop closingkinematicpairs.To investigatehe equationdoadthe mechanisnand
the LinkageDateaof the paraboladrawingmechanism.

Load the LinkageData of the parabola drawing mechanism
in10:=  Get @ parabola . 1d "D
oufi0}= - LinkageData , 8-

The definedmechanisntontaingwo loops,displayedwith reddottedline in Figure?2.
Theloop closingconstrainiequationsonstraintgoint variablesthatwereindependent
before.Thendependenjpint variablesof the mechanisnstoredin the$DrivingVariables
recordof theLinkageDatawhile theimplicitly defined(or constrained joint variables
arestoredin the $DerivedParametersB record.Both recordsstoresthevariablenames
andits actualsubstitutiorvalue.$DerivedParametersi@cordalsostoreshe constraint
equationto besolved.

List the generated constraint equations of the mechanism

n1=  TableForm @Rationalize @
Simplify @arabola @@ $DerivedParametersB " DD@g@AIl , 82, 3<DDDDD

gl ®- 0.785398 X + 2 Cos@1DS 0
G2 ®- 424264 92 Sin @1DS y
OUILLITROIEFOT™ 1 ® 4.24264 g4 Cos@1D 5 g2 Sin @LD
g5 ® 0.785398 Cos@1DCos@5DS 1+ Sin @1DSin @5D

List the driving variables of the mechanism
inf12)= parabola @@ $DrivingVariables "DD e Rationalize
ouf12= 8y ® 3, x ® 3<

The parametriaepresentationf the constraintequationrmakest simpleto calculatethe
new postureof themechanismilf anewsubstitutionvaluesof theindependent
parameter$ in this casex andy parametersis assignedtheyaresubstituednto the
constraintequationswhich becomedefiniteandtheyaresolvedfor thedependent
variables.This iterativesubstitution-solving processs implementedn the
AnimateLinkagdunction, thatgenerateshe animationof the mechanisnif its
independentariablesareinterpolatedbetweerthe specifiedlimit values.

The mechanismidrawa parabolaf thex driving variable( thatis correspondingdo the
translationapositionof the Carriage) is setto afixed valueand y driving variable
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Substitutionsind Replacements MechanisnPrototyping 5

interpolatedn aninterval. y driving variablecorresponds$o thetranslationapositionof
theRuler ( seeon Figure2).

n231=  AnimateLinkage @arabola , 88y -> 4.0, x ®3.0 <, 8y ®0<<,
Resolution  ® 10, Maxlterations -> 500, AccuracyGoal -> 8,
LinkMarkers  ® 8" Drawcar "<, MarkerSize -> 1,
TracePoints ® 88" Drawcar ", 80, 0, 1<<<, Axes ® True
FaceGrids ® 880, 0, - 1<<, ViewPoint ® 80, Othe , 10<D;

-10 -5 0 5 10
-0
75 \\
5
25
0 Workbench

a Spirograph

The spirographis avery simplemechanisntonsistingof two rigid body, thatare
connecteawith arolling constraintRolling constraints a higherorderconstraint,
becausghe generakonstraindefinition requiresgeometriadataof the kinematic
pair(rolling curvedefinitions),unlike thelower orderconstraintg like hingeor
translationajoints) , wherea markeris fully definesthejoint. Howeverif therolling
curvesarecircle, the higherorderjoint couldbe easilysubstitutedvith two rotational
joint, becauseherolling constraintdbetweercircle arevery simple.

=0 =239 1] 25 5

Figure 0 Spirograph mechanism
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6 GaborErdos

In this examplea spirographhavinganinnerandoutershunweels aboutto built. Both
wheelshavethe sameradiusandrolling onthe samering. Theradiusof thering is
denotedwith R, while theradiusof thewheelsaredenotedwith r. To substitutethe
rolling constrainiavirtual bodyis alsointroduced calledArm), thatis responsibleo
rotatethe centerof thewheelson a circle. Thisway therolling constraints substituted
with two rotationaljoints, thefirst rotatesArm aroundthe origin of theRing , while the
secondotateshewheelsattachedo thearmsat R-r andR+r distancerom the origin.
Thejoint variablesrepresentinghis two rotationaljoints arenotindependenthecause
therolling constraintnakeshemdependenodn eachother.This dependencys
incorporatedn the mechanisnduringthe mechanisndefinition. Becausef the
definition of this mechanisnis very shortl will includedit below.

Create the LinkageData of the mechanism with two geometrical parameters

inf101:= Spiro = CreateLinkage @ spiro ",
WorkbenchName -> "Ring ", SimpleParameters -> 8R® 10, r ® 5<D;

Define the rotational joint between Ring and the virtual link called Arm

inpro2):=  DefineKinematicPairTo @piro , " Rotational
8g<, 8"Ring ", MakeHomogenousMatrix @0, 0, 0<Dx,
8" Arm", MakeHomogenousMatrix @0, 0, 0<D<D;

Define the rotational joint between Arm and the OuterWheel

inro3:=  DefineKinematicPairTo @piro , "Rotational ",
8qout <, 8" Arm", MakeHomogenousMatrix @R+r, 0, 0<D<,
8" OuterWheel ", MakeHomogenousMatrix @0, 0, 0<D<D;

Define the rotational joint between Arm and the InnerWheel

infr041:=  DefineKinematicPairTo @piro , " Rotational ,
8qin <, 8"Arm", MakeHomogenousMatrix @R- r, 0, 0<Dx,
8" InnerWheel ", MakeHomogenousMatrix @0, 0, 0<D<D;
The mechanisnis sofar 3 DOF mechanisnmhaving3 independenjoint variables.The
rolling constrainicanbeincorporatedn suchaway thatconstraingout andgin
rotationaljoint variableso bedependendn theradiusof thewheelandthering andthe
joint variablesof the hingejoint betweerRing andArm (). LinkageDesigneprovidesa

function calledReplaceDrivingVariables, thatallowssuchatransactions.

Repl aceDri vi ngVari abl es[ | i nkage, new, ol d, opt s] movestheold driving
variablesinto $DerivedParameter sA record andaddsthenew driving variablesto the
$DrivingVariables recordof linkage.

Introduce the rolling constraint of the mechanism

in105]:=  Spiro = ReplaceDrivingVariables @piro
8q®0<, 8g®q, qout ®Re+r *q, qin ®-Rer *q<D

ReplaceDrivingVariables :» dofchg
Warning ! The number of driving variables are changed from 3
to 1! This might cause error in the D.O F. calculations !

ouf105]= - LinkageData , 7-

Attach geometry to the Ring, InnerWheel and OuterWheel links

in1173=  spiro @@ $LinkGeometry ", "Ring " DD = Graphics3D @Cylinder @R, 1DD;
spiro @@ $LinkGeometry ", " OuterWheel "DD=
Graphics3D @SurfaceColor @Blue D, LinkShape @, r, r, 0.1 D<D;
spiro @@ $LinkGeometry ", "InnerWheel "DD=

Graphics3D @SurfaceColor @rellow D, LinkShape @, r, r, 0.1 D<D,
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Substitutionsind Replacements MechanisnPrototyping 7

The spirograptmechanisnis fully definedhavingl DOF, whichis representeth theq
driving variable.qout andgin variableshecameexplicitly derivedparameterasaresult
of the ReplaceDrivingVariables function. The spirograptmechanisndescribes family
of similar mechanisndiffering only in the substitutiorvalueof thegeometric
parametersTo selectonemechanisnirom thefamily setanewnumericalvalueto the
parametershatwill besubstitutedn numericalcalculations.

Set the radius of the Ring and the wheelsto {R -> 2,r-> 1}

in113:=  SetSimpleParametersTo @piro , 8R -> 2, r -> 1<,
Maxlterations -> 150, AccuracyGoal -> 8D;

Animate the linkage

inf120:=  AnimateLinkage @piro ,

88q -> 0<, 8q -> 2p<<, Resolution ® 30, LinkMarkers ->

88" InnerWheel ", MakeHomogenousMatrix @r, 0, 0<D,
MakeHomogenousMatrix @-r, 0, 0<Dx,
8" OuterWheel ", MakeHomogenousMatrix @-r, 0, 0<D,
MakeHomogenousMatrix @r, 0, 0<D<<,

MarkerSize ® 1,

TracePoints ® 88" InnerWheel ", 8r, 0, 1<, 8-r, 0, 1<<,
8" QuterWheel ", 8-r, 0, 1<, 8r, 0, 1<<<,

TraceStyle ® 8Thickness @.01 D, Red<, ViewPoint ® 80, 0, 50<,

Axes ® True , FaceGrids ® 880, 0, - 1<<D;

-5 -2.5 0 2.5 5
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Q-

Inverse kinematics with replacements

The solutionof theinversekinematicgproblem(lKP) is oneof themostchallenging
problemin manipulatordesign.The problemis formulatedasfollows: Giventhedesired
positionandorientationof thetool relativeto thereferencecoordinatérame,calculate
the setof joint anglesthatmovesthetool into this posture Therearenumerousolution
techniquehasbeendevelopedangingfrom the numericalsolutionto the closedform
solutions.Fora summaryof the existing techniquesyou canconsultany standard
textbookon roboticslike ([4], [8]). In this sectiona shortcutsolutionwill bepresented,
thatenableghe designetto quickly solvetheinversekinematicequation.This solution
basedon simplereplacementsf thedriving variablesandutilize the same
ReplaceDrivingVariablekinction,thatwasemployedn the previoussection.

a Serial manipulator

The 6R manipulatorshownon Figure4 is generatedvith the presentedH parameters.
Sincethe manipulatoiis openchainmechanismthereforethe embeddednethoddoes
not generateonstrainiequationsThe manipulatoiis 6DOF mechanismef which DOF
representedy theql,g2... driving variablesIn caseof the Inverseproblemonewould
like to "drive" themechanisnby commandinghetool w.r.t Cartesianmeferencdrame.
This givestheidea,thatif the positionandorientationof thetool areparameterized,
theseparametersouldbecomehenewdriving valuesof the mechanisnandtheold one
shouldbe constrainedvith equationgontainingthe newdriving variables.Thisway
settingthe substitutiorvalueof the newdriving values thansolvingthe constraint
equationf theinversekinematicproblemwould resultin the substitutionalzaluesof
thejoint variableswhichin turn substitutednto the homogenousransformatiorandthe
new postureof the mechanisnis calculated.

To follow this procesgthe mechanisndefinitionis not presentedher,the pre-defined
mechanisnwill beloadedandonly thereplacemenprocedurds discussedn details
below.
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Figure 0 6R manipulator
Load the LinkageData of the 6R manipulator

in141:=  Get @ manipulator . Id " D;

In orderto solvethe Inversekinematicproblem first theequationshouldbedefined.In
this examplethe Local Referencd-rameof link6 (seeon Figure4) is consideredisthe
tool frame.This selectionis arbitrary,but themethodwould work for any othertool
frametoo. Thenewdriving variablesarethe position vectorof the Origin andthe Euler
anglesof theorientationof this frame,denotecby{ x, y, z, q, f, y} . To generate¢he
constraintequationthe Homogenoudransformationmatrix of

link6 is calculatedw.r.t World Referencé-rametGround.

Retrieve the transformation matrix of LLRFg

in1s:= mx = GetLLRFMatrix ~@nanipulator , "linké ",
ReferenceFrame -> "Ground", SubstituteParameters ® False D

Extract the position vector of the origin from mx and make it equal to {x,z,y} vector
6= egql = MapThread @qual , 8Drop @nx 80, 0, 0, 1<, - 1D, 8x, y, z<<D

oufiel= 8al Cos@1D+ a2 Cos@1D Cos@2D+ d2 Sin @1D- d3 Sin @1D+
d4 H Cos@1D Cos@3D Sin @2D+ Cos@1D Cos@2D Sin @3DL + d6
HCos@5DH Cos@1D Cos@3D Sin @2D+ Cos@1D Cos@2D Sin @3DL -
HCos@4D HCos@1D Cos@2D Cos@ 3D+ Cos@(1D Sin @ 2D
Sin @3DL - Sin @1D Sin @4DL Sin @5DL S x,
-d2 Cos@1D+ d3 Cos@1D+ al Sin @1D+ a2 Cos@2D Sin @1D+
d4 H Cos@3D Sin @1D Sin @2D+ Cos@2D Sin @ 1D Sin @3DL + d6
HCos@5DH Cos@3D Sin @1D Sin @2D+ Cos@2D Sin @1D Sin @3DL -
HCos@4D HCos@ 2D Cos@3D Sin @ 1D+ Sin @1D Sin @2D
Sin @3DL + Cos@1D Sin @4DL Sin @5DL S vy,
dl +a2 Sin @2D+ d4 HCos@2D Cos@3D+ Sin @2D Sin @3DL +
d6 HCos@5D HCos@|2D Cos@3D + Sin @2D Sin @3DL - .
Cos@4DHCos@3D Sin @2D- Cos@2D Sin @3DL Sin @5DL S z<
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The orientationof aframeis codedin the 3x3 rotationmatrix partof thehomogenous
matrix. Therotationmatrix is anorthonormalBx3 matrix thatcanberepresentewith 3
independenparameterdn theliteraturethereare manyrotationmatrix representation
like Eulerangles, EulerparametersRodriguezparametersRoll-Yaw-Pitch,.... . These
areequivalentepresentationthereforewe could pick any of themto useasdriving
variablesof theinversekinematicsproblem.Fromtechnicalpoint of view, the Rodriguez
parameterarethe easiesto calculatefrom a givenrotationmatrix. Thereforethe
generatiorof the constraintequatiorfor the orientationof thetool is donein threesteps:

1. Selecttherotationmatrix representatiofie.g. Eulerangleslanddefinetherotation
matrix usingthe parametersf the selectedepresentationil his matrix is calledr otmx1.

2. Extracttherotationmatrix from thetool matrix. This matrixis calledr otmx2
3. Extractthe Rodriguezparameterfrom rotmx1 andr otmx2 andmakethemequal.
Define the ExtractRodriguezParameters function

in17:=  ExtractRodriguezParameters @\mx_?MatrixQ D: =
Module @BVmx ret <,
Vmx = HAmx - Transpose @\mxDL;
ret =8Vmx@m, 2DD, Vmx@dl, 3DD, Vmx@®, 1DDx;
Return @et D
D

Define the rotation matrix with the new driving variables {f , q, y} based on the Euler
angles parametrization

in[181:= Hrotmx1l = RotationMatrix @0, 0, 1<, fD.
RotationMatrix @1, 0, 0<, gD. RotationMatrix @0, 0, 1<, yDL

oufigl: 88Cos@ DCos@D- Cos@D Sin @ D Sin @D,
- Cos@D Cos@DSin @D- Cos@DSin @D, Sin @DSin @ D<,
8Cos@D Sin @ D+ Cos@D Cos@ D Sin @D,
Cos@D Cos@DCos@D- Sin @DSin @D, - Cos@ DSin @D<,
8Sin @D Sin @D, Cos@DSin @D, Cos@D<<

Extract the rotation matrix from the LLRFg homogenous matrix

ne)=  rotmx2 = ExtractRotationMatrix @D

Create the constraint equation for the orientation of the tool

n2o)=  eg2 = Thread @ExtractRodriguezParameters @otmx1 DS
ExtractRodriguezParameters @otmx2 DD

Replace the old driving variables of the manipulator with the parameter specializing the
position and orientation of the tool

in21:= manipINV = ReplaceDrivingVariables @nanipulator
8x ® 135, y®-20, z®800, q®0, f ®0, y ®0<,
801 ®0, q2®-90°, q3®-157, g4®0.0, g5®0.0, g6 ®0.0 <,
EquationList ® Join @ql, eq2DD;

SetDrivingVariablesTo @nanipINV ,
8x -> 135, y -> 200, z -> 500, q > 0, f -> 0, y -> O<,
MaxlIterations -> 150, AccuracyGoal -> 8D

Generate a list of substitution of the manipulator's parameter, as the IKP parameters
interpolated along a path

8th International Mathematica Symposium
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in23:= sub = GetLinkageRules @nanipINV , 8
8f > 0°, q®0°, y > 0, x ®- 200, y -> -200, z -> 600<,
8f > 0°, q ®90°,
y > 0, x ®- 200, y -> -200, z -> 600<,
8f > 0°, q®90°, y -> 0, x -> -200,
y -> 200, z -> 600<,
8f > 90°, g ®90°, y -> 0, x -> -200,
y -> 200, z -> 600<,
8f -> 90°, g ®90°, y -> 0, x ® 200, y -> 200, z -> 600<,
8f -> 90°, g ®90°,
y > 90°, x ® 200, y -> 200, z -> 600<,
8f -> 90°, g ®90°, y ®90°, x ®200,
y -> -200, z -> 600<,
8f > 90°, g ®90°, y ®90°, x ®- 200,
y > -200, z -> 600<<,
Resolution ® 50, Maxlterations -> 1500,
SubstituteParameters -> True D,

Plug in the calculated joint variables of the original(direct manipulator) to visually check
the result of the calculation ( to minimize the size of the notebook only every 10th
interpolation point is used in the animation)

inR4r=  AnimatelLinkage @nanipulator , Partiion ~ @ub, 10D@oOAIl , 1DD,
Resolution  ® None, LinkMarkers ® 8" Ground", "linké "<,
MarkerSize ® 150, TracePoints ® 8"link6 "<,
FaceGrids ® 880, 1, 0<, 8-1, 0, 0<, 80, 0, - 1<<, Axes ® True D,

Plot the axis interpolation as the tool follows the prescribed path
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in2s:=  Show@sraphicsArray  @Vith @3
Is = ListPlot @¥-+. sub,
PlotJoined ® True,
GridLines ® Automatic
PlotStyle ® 8Thickness @.01 D, Hue@.1 Dx<,
PlotLabel ® #,
DisplayFunction ® ldentity D&-e?7
8ql, 92, q3, g4, g5, g6<<, Partition @, 2D

D
DD
ql q2
| ‘ [
. 50 100 150 200 250 300 350 -0.45
5 05 |
3 -0.55
-4 50 100/150200250300350
-5 — -0.65 v
g3 q4
0.4 AVFANS 1
0.6 — -
08 750 1007150 200 250 300 350
_1,,
50 100 250 200 250 300 350
\ 2P
a5 q6
r PP ,:
i 50 100 150 200 250 300 350 5 -
-0.5 - 4
3
_17 2
-1.5 Iy
2 7750 100 150 200 250 300 350
ouzs= ...GraphicsArray

a Parallel manipulator

Unlike the serialmanipulatorghe parallelmanipulatorsarecontainingloopsin their
kinematicgraph thereforeduringthe modellingphase constraintequationsarecreated.
The procesgpresentedor the serialmanipulatorto calculatequickly the IKP, couldbe
appliedin this caseexactlyin the sameway. Thefollowing manipulatolis patentedy
NASA (U.S.PatenNo.5,816,105).Themechanisnis a3DOFandhaving3 loopsin the
kinematicgraph(sseon Figure5).
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From In[2]:=
Figure 0 NASA Parallel manipulator
The mechanisndefinition is not presentedher,the pre-definedmechanisnwill be
loadedandonly thereplacemenprocedurés discussedn detailsbelow
Load the pre-defined mechanism
n@Eo= Get@nasa. Id "D,
List the defined constraint equations
nel= TableForm @Rationalize @
Simplify ~ @asa @@ $DerivedParametersB " DD@g@All , 82, 3<DDDDD
gl ®- 157254 Cos@D Cos@1DS Cos@D Sin @AD Sin @1D
g3 ® - 701766. Cos@1D Cos@3D Sin @\D+ Cos@\D Cos@CD Cos@3D Sin @1D+ Sin @C
oyTablerorm= 92 ® 12.5664 Cos@\D Cos@D Cos@4D S Sin @D Sin @4D
outiae)/TableForm= 04 ® 1.56905 Cos@j2D HCos@AD Cos@4D Sin @D+ Cos@D Sin @4DL S 1 + Cos@4D ¢
g5 ® 669528. p61 Cos@6D+ p72 Cos@3 - g4 + 6D S p6l Cos@3 - g4 + g5 + 6D
g6 ® - 398590. p72 +p61 Sin @6D+ p72 Sin @3 - g4 +q6D S p61 Sin @3 - g4 +q5 + g€

Avignon, June 2006

List the simple parameters ( they are the geometric parameters of the mechanism)
in32:=  nasa @@ $SimpleParameters " DD

ouzz= 8r ®10, pll ®3, pl2 ®6, p3l ®5, p32 ®5, p4l ®1, p42 ®5,
p51 ®1, p52 ® 1, p6l ® 10, p71 ®1, p72 ®4, p73 ®1, p9l ® 15<

Theinversekinematicproblemin this casetakesonly the positionof theend-effectoras
input, becaus¢he mechanisnis 3DOFthereforecannot specifythe positionandthe
orientationtogetherThe outputof theinversekinematicproblemis the valuesof the
independenfoint variableswhichis therotationaljoint definedon the 3 motorof the
Workbenchlink (seeon Figureb). To definetheinversekinematicproblem the
homogenousransformatiormatrix of thetool markershouldbe calculated.

Get the homogenous transformation matrix of the EndEffector

n@el= mMx= GetLLRFMatrix @asa, "EndEffector ",
ReferenceFrame ® " Ground", SubstituteParameters ® False D

Unlike the serialmanipulatorthe parameterpresentedn thetransformatiormatrix are
not all independenthecaussomeof themarealreadyconstrainedy theloop closing
constraintequationg seethelisting $DerivedParametersi recordabove) Fortunately

this doenot causeany problem,becaus¢he ReplaceDrivingVariables functionappends
the constrainequationf the IKP to the SDerivedParametersB record.In caseof the

independenparametergstoredin the $DrivingVariables and$SimpleParameters

8th International Mathematica Symposium



14 GaborErdos

records)arechanginghe solverlump togetherall constrainiequationsandsolvesthem
togetherThisway all constraintsmposedeitherby loop closingor IKP aresatisfied.

Calculate the constraint equation of the IKP

in37:=  eq = Thread @ExtractTranslationVector @nDS 8X, Y, Z<D
ousr=  9- p61 Sin @3D+ p91l HCos@3D Cos@6D- Sin @3D Sin @6DL S X,
#H— p32 +p71 + p73L Cos@D+ p61 Cos@3D Sin @\D+
p91 HCos@6D Sin @\D Sin @3D+ Cos@3D Sin @\DSin @6DL S Y,
- p61 Cos@\D Cos@3D+ #H— p32 + p71 + p73L Sin @GAD+
p91 H Cos@\D Cos@6D Sin @3D- Cos@\D Cos@?3DSin @6DL S 7=
Replace the driving variables with the parameters of the IKP ({X,Y,Z})

inEsl= nasalNV =
ReplaceDrivingVariables @nkage , 8X®10, Y®-15, Z® 10<,
8C®0.0017 , B®0.0017 , A®0.0017 <, EquationList ® eqD;
SetDrivingVariablesTo @asalNV, 8X® 10, Y®-15, Z®10<,
Maxlterations -> 150, AccuracyGoal -> 8D

Generate a list of substitution of the mechanism's parameter, as the IKP parameters
interpolated along a path

inao:=  sub = GetLinkageRules @asalNV ,
88X®0, Y®5, Z®10<, 8X®10<, 8Y®-5<, 8X®0<, 8Y®5<,
8Z® 20<, 8X®10<, 8Y®-5<, 8X®0<, 8Z®10<, 8X® 10, Y®5<<,
Resolution ® 20, Maxlterations ® 1500,
SubstituteParameters -> True D;

Plug in the calculated joint variables of the original(direct mechanism) to visually check

the result of the calculation ( to minimize the size of the notebook only every 10th

interpolation point is used in the animation)

in411= AnimateLinkage @inkage , Partition @ub, 10D@aAll , 1DD,
Resolution ® None, LinkMarkers ® 8"1", "3"<, MarkerSize ® 2,

Boxed ® True , FaceGrids ® 880, 0, 1<, 80, 1, 0<, 8-1, 0, 0<<,
Axes ® True , TracePoints ® 88" EndEffector ", 80, 0, 0<<<D;
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Plot the axis interpolation as the EndEffector follows the prescribed path
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16 GaborErdos

in47:=  Show@sraphicsArray  @Vith @3
Is = ListPlot @¥-+. sub,
PlotJoined ® True,
GridLines ® Automatic
PlotStyle ® 8Thickness @.01 D, Hue@.1 Dx<,
PlotLabel ® #,
DisplayFunction ® ldentity D&+78A, B, C<<,
Partition @s , 1D

D
DD

0.2 —

-0.2 —

-0.6 - -

0.4-
0.2 -

-0.25
-0.5
-0.75 A -
-1 an
-1.25 + T
-1.5 4 " v
-1.75

oua7l= ...GraphicsArray
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a Conclusion

The embeddednethodworking with a minimal setof constariniequationsthatare
automaticallygeneratedit representthe mechanisnin agraph,thatenablesnesaurghe
relativetransformatiorof two arbitraypointsor frame of the mechanismThis two
featuremakesthis mehodvery attractiveto usefor mechanisnprototyping,becausany
designequationcanbeeasilygeneratedn a parameterizeéorm, thatcouldbefurther
processedh Mathematica to arrivetheoptimizedsubstitutiorvaluesof the parameters.
Oncethedesignis definedandoptimized,the mathematicamodellof theresulted
mechanismis definedasa setof parameterizettansformationsindconstraintsanda
list of substitutionvaluesof the parameters.

Q-
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