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The magneticfield createdby a distribution of conductorscanbe calculatedby a
simple Mathematica function which appliesa generaltheory to alarge variety of
practical casesThe magneticfield is proportional to the current and given by
Ampére’s law for an infinitely long conductor. This assumptionreducesthe
problem to a 2D calculation.

A unit current in a point conductor j producesa horizontal or vertical field
componentaij at the observationpoint i. The componentsaij are the coefficientsof
a matrix A. The wantedfield distribution is describedby a vector b of components
bi and the unknown currents by a vector x of componentsxj. The number of
observationpoints is much larger than the number of conductorsfor a stable
solution of the systemA x + b = 0. The solution is given using either the generalized
inverseof A or aniterative leastsquaresmethod when conductorsare suspectechot
to beindependent.

The Mathematica function is

ConductorField[obs,curl,cur2,...,opts]

with

obs, vector of observationpoints

curj, vector of current pointsin sheetj (j=1,2,...)

optsthe two possibleoptions:
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FieldComponent—> Horizontal or Vertical (default) for horizontal or vertical field
components.

Iteration —> True for an iterative solution or False(default) whenthe generalized
inverseis invoked.

The sequencef current sheetss madeof real conductorsand of their imagesin the
iron shield. The function is usedto determinethe initial distribution of currents.
Then the distribution and the geometryof the shield are enteredasinput to a
numerical codewhich evaluatesthe effectsdue to edgesand finite iron permeability.
Last the function is usedagainto correct the errors revealedby the numerical code.

k
m How to produce a radial magnetic field suiting Bo (=)
0

0.6 0.7 0.8 0.9

Why produce such a field? The old method, but recently reintroduced, of particle
acceleration with Fixed Field Alternating Gradient synchrotrons (FFAG) needs it.
Dipoles with such field, distributed along a ring, allow particles to be accelerated on a
spiral trajectory with a relatively small variation of the orbit radius. One advantage for
this kind of accelerators is to avoid radio frequency variation of the magnetic field.
The first way this field was produced was a pole shaped dipole (as shown below). But
the variation of the field is fixed (k is left constant), and there is no way to apply small
corrections to the field.
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The second way to produce this field is to design a dipole with flat poles, and add series
of conductors to the poles. Each conductor have its own current intensity.

FFAG_essail
L

|
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5
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The picture above is the result of a Poisson calculation. The yoke is the zone where field
lines are concentrated. The small squares are the conductors. The vertical field
component profile along the ring radius is shown in the graph below.
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Magnetic field from Pandira run on file HFFAG.AM
Problem title line 1: FFAG_essail

1-19-200615:02:50
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m Definition of the problem

O General description

We first consider one conductor. Let the conductor coordinates be {£,17}, and the
observation point coordinates be {X, 0}. From Biot and Savart law, the components of
the field are then :

B . . _Ho | x=£
vertical : By (X, &, )= e o

— horizontal : By (x, & m=£t —1
orizontal : By (X, &, n)="7> o

K
The horizontal component is the one to be compared to the searched field By (%—) JIf
we consider several conductors, we now have :
N
BX..=ﬂ_OZ I x=&i
y (1é ’7' D=1 o1 &) . . .
where N is the number of conductors. If we now consider a vector of observation points,
we just to put an index j to the coordinate X.
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O Matrix description

The problem we want to solve is the following : how can we calculate the intensity of
each conductor, knowing the field to obtain? We can treat this as a matrix problem
where, if the number of conductors is N and the number of observation points is P, we
have :
— a vector of the vertical component of the magnetic field of P elements :

By

By»

Byp
y
— a vector of the intensities in the conductors of N elements :
I
I

By:

In
— a matrix of the vertical field expressions for a current intensity of 27/1y conductors
and observation points of dimensions (PxN) :

X| =€) X1 —éN
=)+ -m) T =E) i)
A=
Xp =&} Xp =N
O —&1) +(yp -M y X —&n ) +(yp =N )

The system can then be reduced to the simple equation Ax| + By = 0 that allow the use
of the Mathematica function Li near Sol ve.

m The function Conduct or Fi el d

As we have seen above, the calculation of the field can be considered in two ways : one
can use symbolic calculation, or matrices formalism. The two methods are introduced in
the function Conduct or Fi el d in order to build a function as general as possible. It
allow to extract one component (vertical/horizontal) or both components of the field by
setting the option variable Fi el dConponent to vertical, horizontal or all.

O Symbolic calculation

To introduce symbolic calculation of the magnetic field, the only formula written in the
function correspond to the field produced by one conductor. The observation points are
always situated in a plane at a distance g from the conductors. That implies the function
only needs the X variable for the observation point location.
The position of conductors {&, 7} is given as a vector. It is built as a list of one element
{&, m}, or Nelements {{&1.m }.{&2.m2 ).}
= Conduct or Fi el d[x_Synbol, cur_?VectorQ opt__ Rule]:=

Modul e[{a, fc, g, r2},

fc = Fi el dConmponent /. {opt} /. Options[ConductorFi el dJ;

{a, g} =cur;
r2= (a x)"2+g"2

Whi ch[fc === Vertical, (a-x)/r2,
fc === Hori zontal , g/r2,
fc===Al, {a-Xx, g}/r2]

]
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Let the current vector be {&, 17}, the function Conduct or Fi el d then returns :

out[16]= {

=X+ & n }
N2+ (-x+6)° " N2+ (-x+8)°

Now let the current vector be {{&1 .71 },{& .12 },{&3 .73 } |, then we get the sum of
vertical components and of horizontal components :

-X + &1 -X + &2 -X + &3
Out[19]= { 2 > + 2 > + > 5
nt + (=X +¢&1) ns + (=X +&2) ng + (=X +&3)
N1 n2 N3
2 2 + 2 2 + 2 2}
ng + (=X +¢&1) ns + (=X +&2) ng + (=X +&3)

O Matrices formalism

The matrix A contains elements of the form :

Xj —&i Yi ~Ti

3 7 Or 2 3
X =& )" +(yj —1i) X =& )" +(yj —mi)
where {X;, y; } are the observation point coordinates, and {£;, 1; } are the conductor
coordinates.
The difference with the symbolic calculation concerns observation points coordinates.
They can be given either as a vector or as a matrix, which means that an array of

observation points can be studied.

Conduct or Fi el d[obs_?Matri xQ cur_?VectorQ opt__ Rule]:=
Modul e[ {dr, du, fc, m norndr},
fc = Fi el dConmponent /. {opt} /. Options[ConductorFiel dJ;
du = Transpose[obs] -cur;
dr = Transposeedu;
norndr =#. # & /edr;
m= Reverse /@dr /norndr;
{mh, mv} = Transpose[m];
Whi ch[fc === Vertical, nv,
Hori zontal , mh,
Al, m]

For one conductor, and a series of 10 observation points in the same plane, the function
returns a matrix containing the values of the field components :

in22l= X = Range[11] - 6;
y = Tabl e[0, {n, 0, 10}1;
ob = Transpose[{X, Y}1;
cu= {0, 1};
Transpose@Conduct or Fi el d[ob, cu, Fi el dConponent - Al'l ]
-1 —

1 1
- 75 -1 _

o
)

5
26

4
a7

)

If we now have two conductors, symmetrically located compared to the plane of the
observation points, we get :

X = Range[11] - 6;

y = Tabl e[0, {n, 0, 10}1;

ob = Transpose[{X, Y}]I;

cu={{0, 1}, {0, -1}};

Transpose@Conduct or Fi el d[ob, cu, Fi el dConponent - Al'l ]
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O Summary

Conduct or Fi el d[x, {&, n}, option] : field at location {X, 0} produced by a conductor
at {£, n}with the current intensity 27/u .

Conduct or Fi el d[x, {{&1 .11 },{& .2 },...}, option] : field in {X, 0} produced by
conductors at {{&; ,m1 },{& .2 },...} with current intensities 27/uy .

Conduct or Fi el d[{{X1.y1 }.{X2,¥2 }....}, {&. 77}, option] : field at observation points
{{x1,y1 },{X,¥2 },...} produced by a conductor located at {&, n}with the current intensity
27/ g

Conduct or Fi el d[{{x;.y1 },{X.,¥2 }....}, {{&1.m }.{& .2 }....}, option] : field
produced at observation points { {X;,Y; },{X2,Y¥> },...} by conductors located at
{{&1,m },{& ;> } with current intensities 27m/ug .

Options :

Fi el dConponent — Vertical. Vertical field component is calculated (default).

Fi el dConponent — Horizontal. Horizontal field component is calculated.

Fi el dConponent — All. Both vertical and horizontal field components are calculated.

Finally the total function is given by the following program :

1= C ear [Conduct or Fi el d]
Opti ons[Conduct or Fi el d] = {Fi el dConponent - Verti cal }

Conduct or Fi el d[x_Symnbol , cur_?VectorQ opt
Modul e[{a, fc, g, r2},
fc = Fi el dConponent /. {opt} /. Options[Conduct orFi el dJ;
{a, g} =cur;

Rul e] : =

r2=(a-x)"2+g”"2,

Wi ch[fc === Vertical, (a-x)/r2,
fc ===Horizontal, g/r2,
fc===Al, {a-Xx, g}/r2]

]

Conduct or Fi el d[x_Synbol, cur_?MatrixQ opt__ Rule]:=
Pl us @@ (ConductorFi el d[x, #, opt] &/@cur)

Conduct or Fi el d[obs_?Matri xQ cur_?VectorQ opt___ Rule]:=
Modul e[ {dr, du, fc, m norndr},
fc = Fi el dConponent /. {opt} /. Options[Conduct orFi el d];
du = Transpose[obs] -cur;
dr = Transposeedu;
norndr =#. # & /edr;
m= Reverse /@dr /nor ndr;
{mh, mv} = Transpose[m];
Wi ch[fc === Vertical, nv,
fc Hori zontal , mh,
fc Al, m]

1
Conduct or Fi el d[obs_?MatrixQ cur_?MatrixQ opt___ Rule]:=
Pl us e@ (Conduct or Fi el d[obs, #, opt] &/@cur)
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m Examples of the use of Conduct orFi el d

O The use of matrices to determine the current distribution

One conductor

The observation points matrix defines what we call the median plane (as a reference to
the real case — a dipole — we started from), and is calculated as follow :
X = Range[201] - 101;

y = Tabl e[0, {n, 0, 200}];
ob = Transpose[{x, Y}];

The current matrix is given as a list :

cu={0, 1};

The solution of the system is then given simply using Conduct or Fi el d as follow :
Transpose@Conduct or Fi el d[ob, cu, Fi el dConponent - Al'l ]

1 1 1 1 1 1 1 1 1 1 1
~ 10001 ~ 9802 ~ 9605 ~ 9410 T 9217 ~ 9026 ~ 8837 ~ 8650 ~ 8465 T 8282 ~ 8101
100 99 98 97 96 95 94 93 92 91 90
~ 10001 ~ 9802 ~ 9605 ~ 9410 T 9217 ~ 9026 ~ 8837 ~ 8650 ~ 8465 T 8282 ~ 8101
Or¢

-0.2}

~04]

-0.6 ¢

-0.8}
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04}
0.2}
0
-0.2¢
-04 |
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04}
0.2}
0
-0.2}
~04 |
-06}
-0.81¢
11 ‘ ‘ ]
-10 -5 0 5 10 15
Two conductors
The observation matrix is exactly the same as the one used in the case with one
conductor (see above). While the current matrix is now defined for two conductors
symmetrically located compared to the median plane :
mgl= cu = {{0, 1}, {0, -1}}
o 1
o -1
The vertical field produced by this configuration is then :
{bx, by} = Transpose@Conduct or Fi el d[ob, cu, Fi el dConponent - Al | ]
0 0 0 0 0 0 0 0 0 0 0
[ 200 99 196 97 192 95 188 93 184 91 180
T 10001 <~ 4901 < 9605 4705 9217 4513 8837 4325 8465 ~ AT41 ~ BI0T
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N conductors

In this last case, to define the observation points matrix, the dimensions of the real dipole
are used, and is generated as follow:

nbobs = 1024;

pasobs = (1.035-0.57) / (nbobs - 1);

X0 = Tabl e[0. 57 + pasobs i, {i, 0, nbobs -1}7;
yo = Tabl e[0, {i, O, nbobs -1}7;

Mat ri xFor m[ob = Transpose[{x0, Yy0}]1;

The current matrix for conductors located in a plane at distance g compared to the
median plane also uses the real dipole dimensions. It is defined as follow :

nbcur = 20;

pascur = (1.035-0.57) / (nbcur -1);

xc = Tabl e[0. 57 + pascur =i, {i, 0, nbcur -1}7;
g =0.0175;

yc = Tabl e[g, {i, 0, nbcur -1}];

Mat ri xFor m[cu = Transpose[{xc, yc}]1;

The current matrix for conductors in two planes located symmetrically compared to the
median plane at distance g and —g (real dipole dimension also used) :

nbcur = 40;

pascur = (1.035-0.57) / (nbcur /2 -1);

xch = Tabl e[0. 57 + pascur i, {i, 0, nbcur /2-1}1;
xcb = Tabl e[0. 57 + pascur %i, {i, 0, nbcur /2 -1}7;
xc = Joi n[xch, xcbhl;

g =0.0175;

ych = Tabl e[g, {i, 0, nbcur /2 -1}1;

ycb = Tabl e[-g, {i, O, nbcur /2 -1}1;

yc =Joi n[ych, ych]l;

Mat ri xFor m[cu = Transpose[{xc, yc}]1;

The coefficients matrix A is then calculated using Conduct or Fi el d as follow :

mat = Transpose[Conduct or Fi el d[ob, #] &/@cu];
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11

The theoretical vector field is given by experimental parameters from the real dipole :

X
k
b

x = Transpose[ob][[1]];
=Log[18.5] /Log[1.035/0.57]
=1.85 (xx /1.035) " k;

The solution of the system is calculated using the Mathematica function Li near Sol ve

as follow :

m = Transpose[mat ];

a=nt.mt,
bb = nt. b;

x64 = Li near Sol ve[a, bb]

2

15}

1!

05}

0

-05}

0.9 1

20 conductors in one plane or 40 conductors in two planes (green curve) and the

theoretical field (orange curve).

The graph (above) show the solution for both cases : 20 conductors in one plane and 40
conductors in two planes. The difference between these two solutions is the intensity of
the current in the conductor : the intensity of the current is divided by two in the case of

symmetrical planes.

175}
15¢
125+
11
0.75 ¢
05+
025}
0!
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Increasing the number of conductors (see graph above), the solution gets very close to
the theoretical field, but the current should be divided by two in case of a dipole.

O Use of symbolic calculations

This functionality of ConductorField is useful two study the effects the inter conductors
distance compared to the gap height.

One conductor

With one conductor,the analytic behaviour of the field shows a maximum and a
minimum at an abscissa that depends on the value of the gap.

Inlosl= X =.; N=.; g=.; a=Nxg;
f1 = ConductorField[x, {a, g}]
gn-x
ouf196)r ——————p
g2 + (gn-Xx)

m1971:= g =1; Plot [Evaluate[fl/. n-»0], {x, -10, 10}, Pl ot Range -» Al |,
Pl ot Styl e » {Red, Orange, Bl ack, Orange, Red},
AxeslLabel - {"x", "B,"}I;

By

0.2\

-10 -5 5 10
-02 ¢

-04 !

Let n be zero, if the gap is 1 then the maximum is located at X = —1with amplitude 0.5 T,
and the minimum at X = 1with amplitude —0.5 T (see graph above).

Two conductors

Now consider a pair of conductors at ordinate g and abscissa a (see definition section
above). The function remains antisymmetric.
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in208l:= h=.; g=.; f2=ConductorField[x, {{a, g}, {-a, g}}]

df 2 =D[f 2, X]
out[208)= “gn-x 5+ gn-x 5
g2 + (-gn-x) g2 + (gn-x)
out[209] ! !
ut209= - - +
g2+ (-gn-x)° g2+ (gn-x)°
2 (-gn-x)? 2 (gn-x)°
+ 2

2
(2 + (-gn-x)?) (g2 + (@n-x)?)

In[210]:= =.,
ﬁum: (Nurrer at or [Factor @edf 2] /2) /. (X"p_?EvenQ) -»y”" (p/2);
sol =y /. (SinplifyeSol ve[num==0, y]); g=1.;
| sol = Transposee@ChopeSinplify[sol /. n-» {.1, .5, 1, 1.5}];
xmn=3Sqgrt @ (Sel ect [#, NonNegative] &/el sol)

ouzis= {{1.01489}, {1.31111}, (1.86121, 0}, {2.40615, 0.675622))

Let ge be equal to 1. When extrema of the magnetic field function are real numbers, two
more extrema appear (see calculation above and graph below) with increasing n. All
extrema get far from vertical axis with increasing distance between conductors.

n171:= g = 1; Pl ot [Eval uate[f2 /.
n-{.1, .5 1, 2, 3, 4,5, 6,7, 8,9, 10, 11, 12, 13, 14, 15}],
{x, -15, 153}, Pl ot Range » {{-15, 15}, Automatic},
Pl ot Styl e » {Bl ack, Red, G een, Bl ue, Orange, Orange, O ange,
Orange, Orange, O’ange Orange Orange Orange O ange,
Orange, Orange, Orange}, AxesLabel - {"x", "By"}1;

By
780
4
== A
15 | | L —==5=r% 5 10 || 15
p =
//
_ 7
0.5 é
_1 !

N conductors

Let g be equal to 1. With N conductors, a linearization of the field as the inter conductor
distance increases is observed. In the meantime, the intensity of the field decreases.
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m Conclusion

We built a Mathematica function that allows, from a theoretical field function, to
calculate the current distribution for a set of conductors distributed in a plane, and the
field components of the magnetic field produced. It also allows to get the symbolic
expression of the field produced by this set of conductors. Many improvements can be
imagined for this. We are working on...

We thank Francois Méot, leader of the French FFAG project called RACCAM, that
allowed us to discover this interesting problem.
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