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Thispaper will present implementation details of an important set of numerical
operatorsin the Digital Image Processing application package. Theseincludethe
erode and dilate operatorsand two related recursive operatorsthat are central to
mor phological reconstruction algorithmswhich are currently being developed for a
futurerelease candidate.

Erode and dilate are the fundamental operator s of mathematical mor phology, a
theory for the analysis of spatial structure. The methods of mathematical

mor phology make possible a large number of very powerful image analysis
techniquesand therefor e these operators and their implementationsar e of great
theoretical and practical interest to many involved in image processing and analysis.

m Introduction

Mathematical morphology is a powerful tool for geometrical shape analysis and
description. It was originaly developed by G. Matheron and J. Serra for the purpose of
analysing binary images, thus a set formalism was used with simple operations such as
intersection, union, or translation. It was subsequently extended to integer and
real-valued signals and images and has evolved into a powerful image analysis tool.

This paper presents in some detail two fundamental morphological operators: dilation
and erosion. Most morphological algorithms are based on these two primitive operators,
in particular all the additional operators discussed in this paper, including open, close,
top—hat, and reconstruction by dilation. It is of considerable interest therefore to explore
effective implementations of these operators.

The paper is organized as follows. First, the basic definitions of binary erosion and
dilation are given. These are based on the concepts of sets and their translations. The
Mathematica implementations follow immediately, but due to their computational
inefficiency other algorithms will be developed and presented. The section concludes
with a comparison of timing data for several different versions of the operators. In the
next section, grayscale erosion and dilation operators are presented and several
realizations are compared. Finally, in the last section a brief introduction to
morphological reconstruction is given with details of reconstruction by geodesic dilation.
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m Binary erosion and dilation

O Set—theoretic formulation

The binary operators of erosion and dilation are typically defined using the concept of a
set description of a binary image. A set description of a binary image is simply a list of
integer pairs representing the positions of the 1—valued samples. Thus we have the
following correspondence between a binary image (in matrix format) and a set where a
coordinate system centered on the upper—left sample was used.

0000O0
1110
0010l oL {1, 1} {1, 2}, {2, 2}} (1)
0000O0
When displayed graphically the origin shifts to the lower—left position as shown in

Figure 1.

= {41, 0}, {1, 1}, {1, 2}, {1, 3}}

Figure 1. Binary image and its set description.

The definitions of dilation and erosion are typically formulated using the concept of a set
translation and a set reflection. The translation of a set @ by a point (or vector) X, denoted
ay , 1s defined by

ay = la+x:ae aj 2

The reflection of a set @, denoted @, is defined
cvyz{—a:ae al 3)
Binary dilation of set @ by set 5, denoted here @ @ g, is the set union of all translations of

\2
set @ by elements of set 5 or equivalently the set of all positions of the reflected set 5 for
which it intersects with, or "hits", set @. The set 8 is commonly called the structuring
element and plays a similar role to a finite impulse response filter in linear signals and
systems theory.

aEBﬁ:Ubg/jab:{X:leﬂa,#:O} (4)
Here are two example sets.

(a={{1, 0}, {1, 1}, {1, 2}, {2, 2}};
B ={{0, 0}, {0, 1}, {1, 1}};)

This gives the dilation of set @ by the structuring element £3.
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UnioneeTabl e[a[[j 1] +B[[i1], {i, Length[B]}, {j, Length[a]}]
({1, 0}, {1, 1}, {1, 2}, {1, 3}, (2, 1}, {2, 2}, {2, 3}, {3, 3}}

The erosion of set a by set 8, denoted here @ © S, is the set intersection of all negative
translations of set @ by elements of set S or equivalently the set of all positions for which
set (8 is a subset of « (i.e., it "fits" inside ).

@OB = Nyep @b = {X: fxCal 3)
Intersectionee ) ) _
Table[a[[j 11 -BL[i 11, {i, Length[B]}, {j, Length[a]}]
({1, 1}}

The set descriptions of binary erosion and dilation have straightforward implementations
in Mathematica but unfortunately they are terribly inefficient.

O Other implementations

For purposes of signal and image processing it is preferable to consider formulations of
erosion and dilation in terms of arrays instead of sets. Interestingly this leads to
realizations of the operators that are strikingly similar to convolution and correlation.
Recall that linear convolution of a one—dimensional (1D) signal f with filter h is defined.

(Fx (0 = 3, Fx=yhy) ©)

where Oy, denotes the region of support of filter h. The dilation of a signal f with
structuring element S may likewise be written in a convolution—like form.

(F@ 9 =U,,, fX=-y Nsy (7)

where symbols | and () are the logical OR (union) and logical AND (intersection)
operators, respectively. This process of scanning a small kernel over a large data array
and computing a sort of inner product of the corresponding samples suggests an
implementation using Par t i t i onMap. Here matrices A and B represent the sets @ and
B, respectively and r B is the reflection of B.

A={{0, 0, 0, 0}, {1, 1, 1, 0}, {0, O, 1, 0}, {0, O, O, O}};

B={{0, 0, 0}, {O, 1, 1}, {0, O, 1}};
rB={{1, 0, 0}, {1, 1, 0}, {0, O, 0}};

PartitionMap[BitOr eeBi t And[Fl atten[#], Flatten[rB]] &,
A, {3, 33, {1, 13, 2, 0] // MatrixForm

Alternatively, this convolution—like computation may be implemented with function
Li st Convol ve by replacing the default operators Ti mes and Pl us by Bi t And and
Bi t Or . This leads immediately to the following realization of binary dilation.

Li st Convol ve[B, A 2, 0, BitAnd, BitOr] // Matri xForm

0 0 0 O
1 1 1 1
0 1 1 1
0 0 0 1

Unfortunately, neither one of these two implementations is sufficiently fast for typical
applications. There are two more possible solutions. The first is based on the equivalence
of logical “and” (Bi t And) and binary multiplication (Ti mes). It is easy to see that for
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binary—valued signal f and structuring element < the following relation between linear
convolution, denoted by = and binary dilation holds.
0, 0=x<1

(&9 = T((T+900). where Teo = { |~ 7 ®

Thus we get
Threshol d[Li st Convol ve[B, A, 2, 0], 1] // Matri xForm

0 0 0 O
1 1 1 1
0 1 1 1
0 0 0 1

This indeed gives the best possible realization with Mathematica’s built—in functions.
The last remaining alternative is to code the dilation and erosion algorithms in a
compiled language such as Java or C++ and use Mathematica’s linking technologies to
execute such code. This has been demonstrated to provide clear benefits under certain
conditions [1]. Here is a somewhat simplified code fragment of a Java versions of the
dilation algorithm.

/I for all x, y in img

dstix]ly] = img[x][y] ;
for (int i =0; i < kerX; i++)
for (int | =0; j < kerY; j++) {
if (mg[x -y - jl==1 && ker]i[j]==1)
{
dstix]ly] = 1
break ;

}
This executes the Java code via JLink and returns the desired result.

obj = JavaNew[" Mor phol ogy" 1;
Take[obj edi | ate[ZeroPad[A, {1, 1}, {1, 1}1, BI,
{2, -2}, {2, -2}1 // MatrixForm

0 0 0 O
1 1 1 1
0 1 1 1
0 0 0 1

Here is an example of the effect of erosion and dilation on a binary image. Note how
dilation increases and erosion decreases the number of white pixels in the image. The
difference between the two returns the border of the white objects.
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bi n = Threshol d[books, 1407;
se = Tabl e[1, {3}, {3}1;
Di spl ayToget her Array[{G aphi cs[Bi naryDi | ate[bin, se]],
Graphi cs[Bi naryEr ode[bi n, sel],
Graphi cs[BinaryDi | ate[bi n, se] - Bi naryErode[bin, se]]},
| mageSi ze -» {420, 100}7;

(SR,

R

880K

O Timing

Avignon, June 2006

In this section I measure and compare timing results for several realizations of binary
dilation and three different image dimensions. All results can be compared to the speed
of linear convolution which sets the processing standard for linear filtering of signals and
images. Here I define all the realizations.

(et hodl : =

PartitionMap[BitOr eeBi t And[Fl atten[#], Flatten[B]] &,
A {3, 3}, {1, 1}, 2, 0];

net hod2 : = Li st Convol ve[B, A 2, 0, BitAnd, BitOr];
nmet hod3 : = Uni t St ep[Li st Convol ve[B, A, 2, 0] -17;
net hod4 : = obj edi | ate[A, B];

convol ve : = Li st Convol ve[B, A 2, 0];)
This executes the code, collects the timing data and present the results in a table.

Bl ock [{A, B}, (B=Table[l, {3}, {3}1;
A = Tabl e[Random[I nt eger ], {256}, {256}]1;
t 256 = {ti ne[net hodl1], ti me[nmet hod2],
tinme[nmet hod3], tinme[nmethod4], tine[convol ve]};
A = Tabl e[Random[I nt eger ], {512}, {512}1;
t512 = {ti me[net hodl1l], tine[net hod2],
ti me[nmet hod3], tine[nethod4], tine[convol ve]};
A = Tabl e[Random[I nt eger ], {1024}, {1024}7;
t1K= {"nsa", ti me[nmet hod2],
ti me[nmet hod3], tine[nethod4], ti me[convol vel};
Tabl eForm[Joi n[{{" ", "256x256", "512x512", "1024x1024" }},
Transpose[{{"net hod 1", "nethod 2", "method 3",
"met hod 4", "convol ve"}, t256, t512, t1K}111)1]

256 x256 512 x512 1024 x1024
method 1 1.0156250 4.0781250 n/a
method 2 0.7031250 2.8125000 11.1250000
method 3 0.017089844 0.07714844 0.30468750
method 4 0.019042969 0.08886719 0.20898438
convolve 0.016357422 0.07031250 0.27734375

Note that the timing results for method 4 include the time to transfer the data over the
Java link, which at an average rate of approximately 10 MB/sec requires about 0.1 sec
for a 1024° image. These results imply that while method 3 is a suitable algorithm for
evaluating binary erosion and dilation, a kernel version of method 4 (in C/C++ ) has the
potential of increasing speed by roughly a factor of 2 by eliminating the data transfer
time.
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m Grayscale erosion and dilation

Grayscale morphology extends the morphological operators to the domain of integer or
real-valued signals defined on a Cartesian grid. The definitions of binary morphology
extend naturally to the domain of digital grayscale signals with translation, reflection,
and inversion defined as in linear processing while intersection and union become
point—wise minimum and maximum operators, respectively. Therefore we have the
following definition of grayscale dilation.

feos = XE\/DS fx )
where the symbol V denotes a point—wise maximum. Thus the dilation of a grayscale
signal or image is a point—wise maximum of a series of translations defined by the shape
of the structuring element. This defintion implies a flat structuring element. In the more
general case of a nonflat structuring element and again, for sake of simplicity assuming
1D signals, we have

(8900 =V (fx=y) +sy) (10)

This yields the following Mathematica realizations.
Li st Convol ve[B, A, 2, M n[A], Plus, Max] // Matri xForm

1 1 1 1
2 2 2 2
1 2 2 2
1 1 1 2

Here is the equivalent Par t i t i onMap implemenentation.
PartitionMap[Max[rB+#] & A, {3, 3}, {1, 1}, 2, 0] // MatrixForm

1 1 1 1
2 2 2 2
1 2 2 2
1 1 1 2

For a flat structuring element the dilation operator may be simplified as follows. This
scans the image with a rectangular window and returns the maximum of the samples
within the window. Note the difference in the result due to a change to the structuring
element.

PartitionMap[Max, A, {3, 3}, {1, 1}, 2, 0] // Matri xForm

1 1 11
1 1 11
1 1 1 1
0 1 1 1

Erosion and dilation operators are seldom used by themselves. Two well-known
combinations of the operators result in the so—called open (o) and close (®) operators.

fos=(fesgads (11)
fes=(f®s) os) (12)

Openings and closings are typically used to suppress structures that cannot contain the
structuring element, peaks in the case of openings and valleys in the case of closings.
Here is an example of opening the books image with flat structuring elements of
increasing dimensions.
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Di spl ayToget her Array [
G aphi cs[Grayscal eOpen[books, #], Pl ot Range » {0, 255}] & /e
{Table[1, {5}, {5}], Table[l, {10}, {10}1,
Tabl e[1, {25}, {25}1}, | mageSi ze » {420, 100}1;

N o A

w0 IMAGEPRY « ("

CUNDAMEINTA
#ITAL IMA
FESINw

This useful property quickly leads to the morphological top—hat transformation which is
an arithmetic difference between an image and it’s closing or opening. The top—hat by
opening operation, defined f — f o(Q, is a very useful background normalization
operator. Here is an example, which shows the original image, the result of opening with
a large structuring element, and the tophat transformation.

se = Tabl e[0, {25}, {25}1;

Di spl ayToget her Array[{G aphi cs[books],

Graphi cs[Grayscal eOpen[books, se], Pl ot Range » {0, 255}],

G aphi cs [books - Grayscal eOpen[books, sell},
| mageSi ze » {420, 100}7];

O Timing
In this section I measure the timing data for four different evaluations of grayscale
dilation and several different image dimensions.
(C ear [net hodl, net hod2, net hod3, nethod4];
net hodl : = Li st Convol ve[B, A 2, M n[A], Plus, Max] ;
nmet hod2 : = Partiti onMap[Max[rB+#] & A, {3, 3}, {1, 1}, 2, 01;
nmet hod3: = Partiti onMap[Max, A {3, 3}, {1, 1}, 2, 07;
net hod4 : = Grayscal eDi | ate[A, Bl ;)
This evaluates the code and presents the results in a table. For comparison, the timing of
linear convolution is also shown.
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Bl ock [{A, B}, (B=Table[l, {3}, {3}];

A = Tabl e[Random[I nt eger ], {256}, {256}1;

t 256 = {ti ne[net hod1l], tine[net hod2],
ti me[nmet hod3], tine[nethod4], ti me[convol vel};

A = Tabl e[Random[I nt eger ], {512}, {512}];

t512 = {ti me[net hodl1l], tine[nmet hod2],
ti me[met hod3], tine[nethod4], time[convol vel};

A = Tabl e[Random[I nt eger ], {1024}, {1024}7;

t1K= {"ns/a", "n/a",
ti me[nmet hod3], tine[nethod4], tine[convol ve]};

Tabl eForm[Joi n[{{" ", "256x256", "512x512", "1024x1024" }},
Transpose[{{"nethod 1", "nethod 2", "nethod 3",

"method 4", "convol ution"}, t256, t512, t1K}11]1)]

256 x256 512x512 1024 x1024
method 1 0.6328125 2.5000000 n/a
method 2 0.5000000 2.0468750 n/a
method 3 0.06005859 0.24218750 1.0156250
method 4 0.09179688 0.35937500 0.8828125
convolution 0.016601563 0.07031250 0.28515625

It is clear from the timing data presented here that grayscale morphological operators
present processing challenges. Fortunately, this issue has been addressed in a number of
articles in the image processing and mathematical computing literature. In two important
articles van Herk [2] and independently Gil and Werman [3] proposed a
one—dimensional algorithm with computational complexity which is largely independent
of the length of the structuring element. The algorithm breaks the signal into segments
whose length matches the size of the structuring element, and computes minima forwards
and backwards. A second step combines the results to produce the final result with a
fixed cost of three comparisons per sample. Other authors [4, 5] have proposed
additional improvements that hold the potential of an additional speedup by a factor of 2.
It is clearly of interest to investigate the Mathematica and Java/C++ realizations of these
algorithms.

m Morphological reconstruction

Reconstruction from markers is a very important category of morphological operators as
many image processing tasks have a natural formulation in terms of these operators.
Unlike the fundamental operators presented thus far which take as inputs an image and a
structuring element, reconstruction requires two input images. During reconstruction
some fundamental operator (for example, dilation or erosion) is applied repeatedly to a
so—called marker image, while the result of each operation is constrained by the other of
the two images called the mask.

Here I present an example of reconstruction by geodesic dilation for binary images. A
sequence of N conditional dilations is known as a size—n geodesic dilation where a
conditional dilation is defined as the intersection of the mask image g with a dilation of
the marker image f[6].

feg9=(FfdsNg (13)

Reconstruction of image g from the marker image f is accomplished by repeating the
conditional dilations to stability, until the result no longer changes.

R®() =(F®39" = ((f ® 9 B 9 ... ®g 9 (14)

where nis such that (f ®¢ 9" = (f & 9" .

8th International Mathematica Symposium Avignon, June 2006



Erosion, dilation and related operators 9

00100
00 0O00O0
Here are a markerimage, f =| 0 0 0 O O [and a mask image,
00 0O00O0
00 0O00O0
01100
01100
g=|1 11 0 1|
01001
00011

This shows the results of three consecutive conditional dilations of the marker image
with a flat structuring element of dimensions 3 X 3 at which point further conditional
dilations do not change the result.

01100 01100

01100 01100
f@g9 =|00000[fage’ =1 110 0]}

00000 00000

00000 00000

01100

01100
fogs =1 1 10 0|

01000

00000

The Mathematica implementation of reconstruction by geodesic dilation is
straightforward. Here are two image arrays.

A={{0, 0, 1, 0, 0}, {O, O, O, O, 0},
{0, 0, 0, 0, 0}, {0, O, O, O, O}, {O, O, O, O, O}3};
B={{0, 1, 1, 0, O}, {O, 1, 1, O, O}, {1, 1, 1, O, 13,
{0, 1, 0, O, 13}, {0, O, O, 1, 1}3};

The following one—liner computes the reconstruction of B from marker image A.

Fi xedPoi nt [BBi naryDi | ate[#, Tabl e[l, {3}, {3}11 & Al //

Mat ri xForm

0 1 1 0 O
0 1 1 00
1 1 1 0 O
0 1 0 0 O
0 00 0O

Clearly, evaluating the reconstruction could be time—consuming as the number of
iterations is image dependent. Fortunately, efficient algorithms requiring a limited
number of scans of the marker image are known [7]. Mathematica implementations of
these are currently under development. Here is an example of region filling using
reconstruction by geodesic dilation.

mask = Thr eshol d[Round [ToGr ayLevel [cel | s1], 173];

se = Tabl e[1, {3}, {3}1;
This defines a marker image, an all-zero image with a 1-valued seed placed anywhere
within the background region of the original image. This seed defines the starting
location of a flooding process that fills the background region.
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mar k = (0 mask) [1];
mar k[230, 194] = 1;
trrp =
ToGr ayLevel [Fi xedPoi nt [mask[1] Bi naryDi | at e[#, se] & mark]];

This shows the result.

Di spl ayToget her Array [
{Graphics[cells], Gaphics[mask], G aphics[tnp]},
| mageSi ze » {420, 100}7;

'o" "UUSO .'." ""l

o ot °05e
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