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Abstract: We consider the kneading theory developed by Milnor and Thurston[MT]
and the spider algorithm developed by Hubbard and Schleider[HS] to study certain
properties of families of discrete dynamical systems, and how to implement this
theory with Mathematica.We are concerned by identifying certain combinatorial
and numerical properties of periodic critical orbits in one dimentional discrete
dynamical systems generated by second order real polynomial maps by iteration, an
important class of unimodal systems.

Introduction

A mappingf of anintervall I R givenby f: 1™ | giveriseto adynamicalsystemon
| by iteration.An orbit of apointxy | I is asequencef points&; <, | | givenby

Xi+1 = THK L We usethestandarchotationx, = f" kgL, sof" meanghen times
compositionof f with itself. An orbitis calledperiodicof primitive periodn if

Xi+n = X forsomen3 1, butx.x * x fork=1, 2, ¥, n- 1. A critical periodicorbitis
a periodicorbit containingthecritical point of f. A critical periodicorbit is alsocalleda
super stable periodicorbit. A pointis calledcritical if thederivativeof themapis zeroat
the point.

Symbolicdynamicds atechniqudn the studyof dynamicalsystemsin its simplestform
convertingorbits8; <, , into sequencesf symbolsfrom analphabet

A =8, ar Y4, aks, andin ourunimodalcasethealphabetonsistof threesymbols
soA =4, C, R« Theiterationprocesgthe dynamicalsystem}ranslatesnto a simple
operatoron the symbolspaceconsistingof infinite wordsfrom A. Wewill hereonly
look at someelementarysymbolicdynamicsfor simpleonedimensionakystems

f:1™ | wheref is asmooth functionof theintervall | R suchthatf hasonly one
critical pointin I, andwe maywrite | = I U Ig suchthatf is decreasingnl_ and
increasingon Ig. Letl, = @cl andlr = H, r[. Theaddress of apointx| |, denoted
by akklL is givenby akkL= L if x| I_, akkL= Cif x=candakklL= R if x| Ir. Since

x| | b fELI | by assumptiontheorbit of apointxy | 1 is containedn I, andwe may
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assignaninfinite sequencef symbolsAbk L= & <, , to theorbit accordingo therule
s = aH' g LL Thesequencé\Hg L is alsocalledtheitinerary of thepointxy. Thereis
a naturalmappingon the spaceof symbolsequencesompatiblewith thedynamicsonl,
calledtheshift map, denotedby s . We defines Hs <, (L= &1 < - LEt

Abp L= & <, thenclearlys Ak LL= AH B LL Hencetheactionx — fHkl
correspondso shifting the sequencef symbolsoneplaceto theleft andforgetthefirst
symbolin thesequencétkL. Thecritical pointc | | playsaspecialrole in thedynamics
of f. Thedynamicsof thecritical orbit is givenby the symbolsequenc@HL This
sequencés calledthekneading sequence of f andis denotecoy KH L= AHL We will
herebe concernedvith superstabl@eriodicorbits. This meanghatthe kneading
sequencef f is periodic.A periodickneadingsequencés written asthe periodicdata

periodicsymbolsequenceorresponds$o anorbit in thedynamicalsystemf : 1™ |. A
symbolsequencevith acorrespondingrbit in the dynamicalsystemis called
admissible. We applythetheorydevelopedy Milnor andThurstonin [MT] and[X] to
obtainanalgorithmto decideif agivensymbolsequencés admissible This algorithmis
basedon thefactthatthe kneadingsequencés minimal with respecto thelexicographic
orderdenotedby, onthesymbolspaceS= AN. In particular,f s is theshiftmapon
thesymbolspacethenK, s'HKL i=1,% ,n- 1, for anyadmissiblekneading
sequencef lengthn.

The spideralgorithm([HS], [B]) wasdesignedo studycertainpropertieof the
Mandelbrotsetfor familiesof dynamicalsystemgy, : C™ C. We applythisalgorithm
to realunimodalsystemgyeneratedy seconddegregpolynomialsusingtheadmissible
kneadingsequencedf the periodickneadingsequencés of lengthn this correspondso
find a certainrealsolutionof a polynomialequationof degree2™ . Thisleadsto a
numericalmethodto studyof the parameterspaaa unimodalsystemgyeneratedby
seconddegregpolynomials. The Sharkovskyheorem([S],[SMRY]) is illustrated(special
case'period3 b chaos"[LY]).

It is easyto seethatit is sufficientto studya singlerepresentativamongthe
non-degeneratsecondrderpolynomials Jet pq kL= x? + g andlet

fapg BL=a x? + bx+ gwherea ! 0. Thenfor anysuchmapthereis a
homeomorphisn(in fact of the simpleform hkL= ax + b) suchthatpq = héf, pg €h !
wherethe quantitiesa, b andgaredependentna, b andg. Hencepga ng andfa pg is
topologicalconjugateandhavethe samedynamics We will usep, astherepresentative
for the secondbrderpolynomialsin thefollowing.

m Some simple properties of the family x # x2 +q

We will list somesimplepropertiesof the dynamicalsystempy : X = X2 + g. All
propertiesareeasilyprovedusingelementarycalculussothe calculationsareomitted
here.The statementsn symbolicdynamicsandhyperbolicitycaneasilybe provedusing
thetechniquesn [D] or amodificationof theargumentsn the nextsection. In the
following let x, HL= 11 - ' T"—""if!("qﬂl\/l 2, X HL=11+ : T"—""ﬂ"c’i’l\/l 2 and

IHL= @x HL X KL whenevethesequantitiesarereal (£ @). Clearlyx = 0 isthe
only critical point of py.

@ If g> 14 thenlimgy pghkoL=¥ forallxy | R.
2 If g< 1+4 thenpy hastwo fixed pointgivenby x; = x HL andx, = x; HIL
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€] If - 2£ g£ 14 thentheintervall = IHL is invariantunderpy, thatis,
pgHHLLI | HL

4 If g< - 2theneveryperiodicorbit of p, is repelling.p, hasperiodicorbitsof
everyprimitive order,but noneof thesecontainthecritical point.

5) If g< - 2thenp, hasaninvariantCantorsetL 4 | 1HL suchthattherestriction
pq B¢ is topologicalconjugateo a onesidedshift on two symbols.Furthermorethe set
L 4 is hyperbolic.Foranypointxy | R”IHL we havelim,gy pjkoL=¥.

(6) Themappingp: x - X% + g is topologically conjugateto themapping
f:x—ax? + bx +g viathehomeomorphism:x+— ax+b,a? 0, witha= a,
b= be2andgq=ag+ R b- b’L+4 wherep=héféht.

m Real spiders and the spider map

Considerthen-periodic orbit containingthe critical pointx = 0 underthemapp, for a
suitablechoiceof q.

Xo=0# X1 #° # X1 #X,=0

Sincexi+1 = pgkk L wehavex; T p,* k.1 L andthecorrectpointto choosen thefiber
P, Hi+1 L is givenby thekneadingsymbolat thatlocationin the periodicorbit. In our
casethefiber p;! Wl is emptyif y < g, containsexactlyonepointif y = g andcontains
two pointsif y > g. Thecoding,§;bo L= & <, ,, of anorbitunderp, is doneaccording
to therule

Lif p, (xo) <0
§ =4 Cifpy (X) =0
Rif p; (Xo) >0
The kneadingsequencef pq is thesymbolicorbit of the critical point, KHjL= Sqrfi)l In
denotethatthefinite symbolsequencenderneatithe baris repeatedninfinite number
of times.It is easilyseenthatnotall symbolsequencearecompatiblewith the

underlyingdynamicalsystemIn fact, it canbe shownthatthereis atmostoneorderof
pointsthatis compatiblewith a kneadingsequence.

A realspideris avery specialcaseof the spidersdefinedon the Riemannspherefor
complexsystemsOnthe Riemannspherea spideris anequivalencelassof
curvesystemsonnectedn ¥ , the"body" of the spider,andthe curvesgoingout from
this point maybethoughtof asthe"legs". Thelegsareusedto imposeanorderingof the
pointsin C. However,in R thereis a naturalordering,sothe spaceof realspiders
associatedvith thedynamicalsystemp, takestheform of n-tuples of realnumbers
subjectto asetof inequalitiesx; < xj, <:-- <X, <X wherex, =0.

The spider space

Letx=FHFkq, X, %, X LI R" andj=Hi, jo, %, jnL beanindexvectorwhere

jil 8L %, newithji * jeifit k LetS; | R" bethesubset

Sik =& I R" x5, <Xj, <--- <X, andx; = 0< Thespaces;x equippedwith the
naturalinheritedtopologyfrom R" is calledthereal spiderspaceassociateavith H, kL
A mappings : Sjx ™ Sjx is calledaspidermapping We will laterindexthe spaces;
by aperiodicadmissiblekneadingsequencewyriting Sjx = S« .

Example 1
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andlets B, %o, x3L=1I-
Sa322 asxp > x; andthefirst componentn theimageis negativeandthe second

components positive.Suppose hasafixed points KL= x. Thenx; =- X - X1 ,

Xo = =% andxs =0.WefindxZ = x, - x1, %5 =- x; andxz = 0. By rearranging
theseequationsve havex; = X1, Xo = X§ + X; andxz = 0. This correspondgxactlyto
theorbit0® q® ¢ + q® 0, andhenceanysuchfixed pointcorrespondso a
superstabléhree-periodicorbit underpy BL= x* + q.

Example 2

Considertherealspiderspace
S1453213 = &g, X2, X3, Xg, Xs LT R® 1 X3 < X4 < X5 < X3 < %o With x5 = O< andlets
be themapdefinedby
S <X1! X2, X31X41X5) =
(- VX2 - X1, VX3 - X1, VXa - X1, - V=X, 0) = (Y1,Y2, Y3, Y4, Y5).

Let usfirst checkthatthis mapis well-defined. We will showthat
x| 3_1’4'5'3’2|_'3 P skkLI 3_1’4'5'3‘2|_'3. Notefirst thatx, > 0 andx; < 0 so

Xo - X1 =Xo tHXxL>-x3 >0s0y; =- X=X <- =X =ys <0=y5.Note
thatxs - X1 > X4 - X1 > 0sincexs > x4 andXs > X; . Hence
Vo= X3 o Xp > X5 - X1 =ys>0.In otherwords,

X1 Sa453203 P SHLI S34532.3, andthemappingis well-defined. Assumeasin
examplel thats hasafixed pointx, thatis, s BkL= x. Thefixed pointequationgivesus
thatx? = X2 - X1, X3 = X3 - X1, X = X4 - X1, %3 = - X1 andxs = 0. If we rewritethese
equationgloing somesubstitutionsye mightwrite themasx; = 0+ X1, Xo = X§ + Xy,

2 2 2 2 2 2 :
X3 = X5+ X =BT +x3L +X1,X =X5+X =H] + XL +x3N +x andxs = 0.
This is exactlya critical 5-perodic orbit for our polynomialfamily p, where

2
0®q®q2+q®|-d12+q|_2+q®J-qz+q|_2+qN +q® 0.

Henceafixed pointfor this spidermapcorrespond$o a superstabl®&-periodic orbit

Example 3

In thetwo precedingexamplesve haveusedspidermapswith fixed points
correspondingdo periodiccritical orbitsobeyingcertaincombinatoriapropertiesof the
orbits. In thetwo first casesve haveof courseusedkneadingsequencesompatiblewith
the dynamicsof the systemx - x? + g. We will now choosea mapcorrespondingo a
sequence)Considerthesequencd'il'?'['RC. This givesustherealspiderspace
S14532.3 = &K, X2, X3, Xg, XsLT R® 1 X3 < X3 < X5 < X4 < X Withxs = 05 and
suggesthatwe definethe spidermapas

S (X1, X2, X3,X4,Xs5) =
(- VX2 - %1, Vxa - X1, - Vxa - xe, V-%1,0) = (Y1,Y2,Y3, Y4, Y5) -

We will showthats : S34532.3 ™ Sa4532.3 isnot well-defined. Notethatsince
X1 <0andxy, > x4 > 0wehavex, - X1 > %4 - X1 > 050

y1=- XX <- X-X{ =y3 <0.Hencey; <ys3 <0=ys. Howeverxs < 0so

X3 - Xp <0- xq,thatis,y, = X3- X1 < -Xi =Y implyingthatSs 45323 iSnot
closedunders . As aconsequencef this, someof therootsof thecomponentfunctions
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may becomecomplexafterafew iterationsof s . Indeed thisis exactlywhatis
happeningaswe shallseelateron.

Finding admissible kneading sequences using the minimality
of the kneading sequence with respect to the lexicographic
order

We will applythetheorydevelopedy Milnor andThurstonin [MT] to obtainan
algorithmto decideif akneadingsequencés admissibleThis algorithmis basednthe
factthatthekneadingsequencés minimalwith respecto thelexicographicorder
denotedby, (definedbelow).In particular,if s is theshift maponthesymbolspace,
thenK, s'KL i=1, %, n- 1, for anyadmissiblekneadingsequencef lengthn.

The lexicographic order

LetA = &, C, R« beathreeletteralphabetvith theorderingL < C < R, andletS= AN
be the setof infinite wordsfrom A dueto thefollowing restriction.If W, andW, are
two wordsin S containingtheletterC, W, = Wy CW, andW, = W3 CW,, whereW;
andW, donotcontaintheletterC, thenW, = W;,.

LetSI Swherewewrite S= & <, ,. Assumethatsc * C for O£ k£ n. We define
tnHBL=U._, viLmod2 wherevi$ L= 1if 5 = L andvi$ L= 0if 5 = R. In other
words,as€ is thesequencef addressesomingfrom the dynamicalorbit aog Lz (ES the
quantityt, determinesheorientationpropertieor py atthepointx. Notethatp, is
decreasingorientationreversing)or x < 0 (correspondingo the symbolL) and
increasingorientationpreserving¥or x > 0 (correspondingo thesymbolR).

A signedlexicographicordering, denotedy € (less)and, (lessor equal),for two
elementsS, T Sis nowdefinedasfollows: Assumethats =t forO£ i £ n- 1, then
S€ T if eithert,. { L= 0ands, <t,, ort, 1HL=1ands, > t,. Wewrite S, Tif
SE€ETorS=T.

The following resultsareusedto constructhe generaklgorithmto find theadmissible
kneadingsequences:

Lemmal. LetKHL beakneadingsequencef anunimodalmapf : 1 ™ |, let AEL be
theitineraryof apointx | | andlets denotetheshift maponthesymbolspace.Then
KHL, s'HAKL forall x| | andi? 0. In particularKHL, s'HHLL

Proof: See[X] or [MT].

We may usethe specialcasewith AbkL= KH L of thislemmato decideif agiven
candidates for a periodickneadingsequencef lengthn is admissibleWe simply need
totestif S, s'HLforl£i£n- 1.

Mathematica code

We will first generatgossiblecandidate$or admissibleperiodickneadingsequences.
This canbedoneasbelow.In orderto reducethe numberof candidatesve excludesome
sequencethatclearly notcanbe candidatesClearlyall sequencemuststartwith LR if
n3 3, andit is easyto provethatsequencesf theform LRLWRC andLRLRWC
whereW is aword from &, R« includingthe emptyword cannot be admissiblefor

n3 5. We maythencodeasfollows:
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nLs @_D: = StringJoin @ able @L", 8n<DD;
nRs@_D: = StringJoin @able @R', 8n<DD;
BaseString @n_, m_<D: = nLs @D<> nRs@rD;
Generators @ _D: =
Map@aseString , Table @n- i, i<, 8i, 0, n<DD;
KneadSeq@D: = 8"C'<; KneadSeq@D: = 8"LC"<;
KneadSeq@D: = 8" LRC'<;
KneadSeq@_Integer D: =
Map@ LR" <> #<>"C" & Map@stringJoin , Flatten @Jap@
Permutations , Map@Characters , Generators @ - 3DDD, 1DDD;
ExclusionRuleOne @ _Integer D:= Map@ LRL" <>#<>"RC &,
Map@stringJoin  , Flatten @Jap@ermutations
Map@haracters , Generators @ - 5DDD, 1DDD;
ExclusionRuleTwo @ _Integer D:= Map@ LRLR' <>#<>"C" &,
Map@stringJdoin  , Flatten @V ap@ermutations
Map@Characters , Generators @ - 5DDD, 1DDD;
FilteredkneadSeq @ _Integer D:=If @ <5, KneadSeq@D,
Complement @neadSeq @D, Union @
Flatten @ExclusionRuleOne @D, ExclusionRuleTwo @ D<DDDD;

We now needthe signedlexicographicrderfor suchstrings.This canbe doneas
follows:

LexOrder @_, y_D:= Module @alphabet =8"L", "C', "R'<, px, py<,
px = First @latten @Position @lphabet , xDDD;
py = First @latten @Position @lphabet , yDDD;
Return @f @x S py, 0, If @x <py, -1, 1DDDD;
SymbolvValue @ _D:=If @& =="L", 1, 0D
LxOrd @_List , t List , n_Integer D:=
Module @l = Length @D, i =1, res =0<,
If @ St, Switch @, -1, Return @D, 0,
Return @ralse D, 1, Return @rue DDD;
While @HsPi TS tPi TL &&Hi <1 L,
Hres += SymbolValue @Pi TD; i ++; LD, B
If @&venQ@es D&&HLexOrder @Pi T, t Pi TDS - 1L, Switch @,
-1, Return @ 1D, 0, Return @rue D, 1, Return @frue DDD;
If @ddQ@es D&&HLexOrder @Pi T, t Pi TDS 1L, Switch @,
-1, Return @ 1D, 0, Return @true D, 1, Return @rue DDD;
Switch @, -1, Return @D, 0, Return @alse D,
1, Return @alse DDD;
LexicographicOrder @_List , t List D:=LxOrd @, t, -1D;
LGOrderLess @_List , t List D:=LxOrd @, t, OD;
LGOrderLessOrEqual @ _List , t List D:=LxOrd @, t, 1D
s €t :=LGOrderLess @haracters @D, Characters @ DD;
s_, t  :=LGOrderLessOrEqual @Characters @D, Characters @ DD;

We thenneedsomecodeto testour candidatesboveandreturnthe admissible
sequenceamongthese This canbe doneasfollows:

MinimalSeqQ @_D: =
If @lax@lap@exicographicOrder @haracters @D, #D &,
Map@Characters
Table @tringJoin  @RotateLeft @Characters @D, i DD,
8i, 1, Length @haracters @DD- 1<DDDD£ 0, True, False D
GenerateAdmissibleKneadingSequences @ _Integer D:=
Module @lgl , gl, al =8<<,
If @ £ 6, Return @ilteredkneadSeq @DDD;
lgl = Length @l = FilteredKneadSeq @DD;
Do@f @inimalSeqQ @l Pi TD, al =8al, pl Pi T<D, 8i, 1, Igl <D
Return @ latten @l DDD;

The following exampleshowswhatwe wantedobtain.Dueto thelargenumberof the
elementof wordsin the outputwe only countthe numberof wordsin eachlist:

8Length @ilteredKneadSeq  @4DD,
Length @senerateAdmissibleKneadingSequences @4DD<

{1280, 585}
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m The ordering of points in an admissible periodic kneading
sequence (or forming the real spiders)

from thealphabe#l_, R< with BAVE= n- 3. Letthecorrespondinglynamicalorbit be
&y, X2, Y4, X, <, wherex, = 0 in our case Theproblemis to orderthe pointsin the orbit
ontherealline XjuL < XjiaL < -+ < XjmL, in otherwordsto find abijectivefunction
j:8L, Y%, n<™ 8, ¥4, n< basednthekneadingnformation.Let#HKHL LL=n_ and
#HKHL, RL= ngr denotethenumberof L andR in theword LRW respectivelyClearly
n=n_+ng+1 andn_, ng 3 1if n3 3. We havesometrivial informationaboutthe
functionj. ClearlyjHL=1, jR2L=n_ andjH + n_L= jHh- ngL=n. Wewill compute
theimageof | with the sametrick aswe usedto computeadmissiblekneading
sequencesye will sortpointsaccordingo thelexicographicorder. Thefollowing
lemmafrom [MT] relateshe orderof pointsin the dynamicspacewith the orderof
addressem thesymbolspace:

Lemma2.Letf: 1™ | beaunimodalmapwherethecritical pointis aminima,andlet
X, ¥y | with x <y andlet AL and AWl denotetheiritineraries.ThenARL, AHL with
respecto thesignedexicographicabrder.

Proof: See[MT] section3.

asignedo symbolicpointsx; , X, ¥4 , X, in thedynamicspacethatis, to indices
1, 2, ¥, n, andthesearesplit into threegroupsaccordingto their symbolin the

&L, 3, 4, 65 8/<s &, 5« Theproblemis thenreducedo sortthefirst andthird group
accordingto theirrelativepositionsin thedynamicspace Now we just compargwo

accordingto the symbolpositionin the string, sothis symbolbecomeghefirst symbol,
given by theindiceswe alreadyhavefound. We thenapplythelemmaaboveto
determingheirrelativepositionin the dynamicspace.

Mathematica code
Thefollowing codegivesa versionof themap| aboveoperatingon words
correspondingo dynamicalorbits:

SplitLCR @_D: = Map@-latten
8Position @Characters @D, "L"D, Position @Characters @D, "C'D,
Reverse @Position @Characters @D, " R'DD<D;
MySortFunction @ _, u_Integer , w_Integer D: =
If @exicographicOrder @RotateLeft @Characters @D, u- 1D,
RotateLeft @Characters @D, w- 1DD£ 0, True, False D,
JSortMap :: "nonsequence " =" Non- admissible sequence : 1" .";
JSortMap @_D: = Module @ll , Ic, rl , nist <,
If @ MinimalSeqQ @D, Message @SortMap :: "nonsequence ", sD;
Return @ange@.ength @Characters (@ DDDDD;
nist = SplitLCR @&D;

Ic =nlst P2T;
If @ength @lst P1TD3 2, Il =
Sort @lst P1T, MySortFunction @, #1, #2D&D, Il =nlst P1TD;

If @ength @lst P3TD? 2, Ir = Sort @ist P3T,
MySortFunction @&, #1, #2D&D, Ir =nlst P3TD;
Return @latten @Bll , Ic , Ir <DDD;
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JSortMap @ LRLLRLC'D
{1, 4, 6, 3, 7, 5, 2}

We will usethefunctionJSor t Map to producea functionto generate suitableelement
of thespiderspaceassociateavith agiven admissibldmeadingsequencé(' to beusedas
aninitial pointfor the spideralgorithmin the nextsectionin orderto generatehe
dynamicalorbit for the systemp,. We havechoserthis spiderto be equallyspacegoint
in eachof theintervals@2, OL andH), 2[ accordingio thenumbersof L andR in the
word K. Theprogramminghereis straightforward,we only needto find an“inverse"to
the mapdescribedy JSor t Map.

LRCount@_D: =
Map@ength , Map@-latten , 8Position @Characters @D, "L"D,
Position @Characters @D, " R'D<DD;
LRCList @_D: = Module @n, |, r<,
n = LRCount @D;
| =Table @2 +2i « nP1T, 8i, 0, nP1T- 1<D;
r =Table @i » nP2T, 8i, 1, nP2T<D;
Return @latten @l , 0, r<DDD;
InitSpider @_D: = Module @ss, spider , index <,
ss = LRCList @&D;
spider = Range@.ength @s DD;
index = Map@Rreverse ,
Sort @able @JSortMap @DPi T, i<, 8i, 1, Length @sD<DDD;, Do@
spider Pindex Pi, 2TT =ssPindex Pi, 1TT, 8i, 1, Length @&sD<D;
Return @pider DD;

InitSpider @ LRLLRLC'D

(-2,2 -4 -4 1, -1, 0)

m Mathematica implementation of a spider map

The simpleexamplesn thethird sectionof this papersuggeshow we shoulddefinethe
spidermapassociateavith a periodickneadingsequenceConsiderthe periodic
dynamicalsequence

O®X; ®Xx2 ®° ®Xp1 ®0

wherewe have xi+1 = X* + X, forO£ i < n- 1with x, = Xy = 0. Hencewe have

X2 = X1 - X1,S0% =§ Xs1 - X1 wheres | 8 1,0, 1<if thecorresponding
kneadingsymbolisL, C or R.

Theimplementatiorof thereal spidermapchoosingcorrectrootsaccordingo a given
kneadingsequencés easilydonein Mathematica. Here,we will notperformanyerroror
sanitycheckssoour mapsimply takestheform

RealSpiderMap @_List D@ List D:=

Table @piderRoot @ P1T, kPi TD@ PMod@ , Length @ DD+ 1TD,
8i, 1, Length @ D<D

whereSpi der Root isthemapreturningthe correctroot accordingo the symbolin the
kneadingsequencen our casethis mapcanbedefinedby

SpiderRoot @_, sym D@ _D:=If Asym=="C", 0.0,

o I o mmmm
If Asym=="L", NA X-GE If Asym=="R', NA X- ¢ EEEE
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m The Spider Algorithm
We will briefly describethe SpiderAlgorithm for thesystenx — x? + q.

We haveseenin examplel and2 abovethata critical periodicorbit is a fixed pointfor
the spidermapconstructedy choosinghe correctrootsaccordingto the combinatorics
of thedynamicalorbit. Examplel showsthatthisfixed, in the specialcaseof a
3-periodic orbit, is stable Onemight hopethatthisis truein generafor anycritical
periodicorbit, andhencethis suggestshe following algorithm:

Problem: Find aparametewaluegs | @2, OL suchthattherealdynamicalsystem
X X2 + ok hasaperiodickneadingsequencé.

The Real SpiderAlgorithm:

A) Chooseafinite stringK of lengthn of symbolswherethefirst two symbolsis LR and
then- 3 nextsymbolsis choserfrom thetwo-letter alphabe8l, R< andthelastsymbol
is C.

B) Formthemaps :R" ™ R" wherethek-th componentunctionis

R ands, = 0if thesymbolis C.

C) Chooseavectorxg = By, X2, Y4, X, LI R" wherethe pointsareorderedaccording
to thedynamicsof the periodicorbit for the dynamicalsystenx - x? + q.

D) Formthesequence;.1 = s Hgl andstoptheiterationprocessvhenthesequencef
vectorsconvergeto somepointy | R" (orin C").

E) Theparametegk with thedesiredcritical orbitis givenby gk = vy .

In Mathematica this is implementedastheiterationprocessndicatedbelow:

First[
Fi xedPoi nt [
Real Spi der Map[ Char act er s[ kneadi ng_sequence] ], spi der]

]

Herekneadi ng_sequence isastringof symbolsandspi der is anorderedist of
realnumberslf thekneadingsequencés not compatiblewith thedynamicshenthe
returnednumberis non-real, thatis, anumberin C\R.

We will definethreefunctionsassociateavith thenumericalcomputatiorof thespider
algorithm.TheseareSpi der | terati onLi st[k, n],

Spi der Fi xedPoi nt [k, n] andCritical Paraneter[k, n].Inallcasek isa
kneadingsequenceandn is anoptionalintegerpassedo Fi xedPoi nt orto

Fi xedPoi nt Li st controllingthemaximumnumberof iterationsin thesefunctions.
This is necessaryn somecasedecausehereis a"bit-flip" ontheleastsignificantbit at
thefixed point, causinga non-stoppingconditionin Fi xedPoi nt . Notethatit is
checkedf k is anadmissiblgoeriodickneadingsequenceThefunction

Spi der It erati onLi st returnsalist of theall stepsin theiterationprocesf
finding thefixed point of thespidermap.ThefunctionSpi der Fi xedPoi nt returns
simply thefixed point (theorbit) associateavith the kneadingsequencé, and
Critical Par anet er returnsthefirst componenbf thefixed point,thatis, the
parameteq for p, correspondingo theperiodickneadingsequence.
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SpiderlterationList @_, n___Integer D: = FixedPointList @

RealSpiderMap @Characters @kDD, InitSpider @D, nD;
SpiderFixedPoint @_, n__Integer D:=

FixedPoint @RealSpiderMap @Characters @DD, InitSpider @D, nD;
CriticalParameter @ _, n__Integer D:=

First @bpiderFixedPoint @, nDD;

m Examples

We will now give someexamplesisingthe codeabove.Somevariationsof thefunctions
abovearealsoused We do not give the codefor these All codecanbe obtainedfrom
the authoron requestWe do not give the codefor the graphicsrepresentationisere
either.

Example A
In thisexamplewe will displaythedynamicsof theorbit LRLLLLLLLLRLRLC of
period15in two differentways.We first checkthatthis stringreally representan
admissibleperiodickneadingsequence:

AdmissibleQ @ LRLLLLLLLLRLRLC" D

True

We canrepresenthesuperstablerbit LRLLLLLLLLRLRLC graphicallyin theusual
way by drawingthe graph(herein red) of pq for thevalueof g correspondingo this
sequencedrawthe diagonal(herein blue)andthenfollow the orbit throughthe critical
pointwith lines(herein green) It is easyto loosetrack of how the propertiesof the orbit
are,by doingit thisway. Belowwe will presenta differentmethod.

8th International Mathematica Symposium
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ShowDynamicOrbit @ LRLLLLLLLLRLRLC" D

1.5}

0.5¢ \ ‘ /

-0.5¢ \ /

-1.5r I/ ~ 1

1.5 -1 0.5 0 0.5 1 1.5

Anotherway is simply to displayhow point on the critical orbit movearoundunderthe
map pg Withouttakingthe exactlocationin accountputjusttheirrelativelocations,and
which pointis mappedo which, andin whatdirection.In the diagrambelowthe points
in theorbit of LRLLLLLLLLRLRLC areshownasblackpointalongthe horizontalaxis
with thecritical pointmarkedwith a C. The curvedlinesrepresenhowthepointonthe
orbit aremappedherecurvedlinesabovethe horizonmeansa movemenfrom left to
right, andbelowthe horizon,a movemenfrom right to left.

ShowDiagramOrbit @ LRLLLLLLLLRLRLC" D

LRLLLLLLLLRLRLC
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Example B

In this examplewe computeall admissiblesequencesf length9 andthe corresponding
critical parameterNotethatthis correspondso find certainrealsolutionsof a
polynomialof degree?® . Thereare28 admissiblesequencesf length9. Thefunction
Sort edAdm ssi bl eSequences is describedn thenextexample.

admseq = SortedAdmissibleSeq uences @D

{LRRRRRRRCLRRRRRRLC LRRRRRLLC LRRRRRLRC
LRRRRLLRC LRRRRLLLC LRRRRLRLC LRRRRLRRC
LRRRLLRRC LRRRLLRLC LRRRLLLLG LRRRLLLRC LRRRLRLRC
LRRRLRLLC LRRRLRRLC LRRLLRRLC LRRLLRLLG LRRLLRLRC
LRRLLLLRG LRRLLLLLC, LRRLLLRLG LRRLRLRLC LRRLRLLLC
LRRLRLLRC LRLLRLLLC, LRLLRLRLG LRLLLLRLC, LRLLLLLLC}

We usethefunctionCri t i cal Par anet er to find thecorresponding| valuesfor the
dynamicalsystenx — pq FkL

param = Map@CriticalParameter , admsegD

{-1.99994 , -1.99949 , -1.99859 , -1.99722 , -1.99542 , -1.99313 ,
-1.99038 , -1.987 , -1.98381 , -1.97946 , - 1.97478 , - 1.96942 ,
-1.96402 , -1.95733 , -1.94957 , -1.93224 , -1.92229 , -1.91144 |,
-1.90312 , -1.89078 , -1.87838 , -1.84129 , - 1.82276 ,

-1.78587 , -1.69014 , -1.65613 , - 1.59568 , - 1.55528 }

Notethatthe solutionsaboveareall the (real) zerosof the polynomialof degree256
below correspondingo periodicorbitsthroughzeroof thedynamicalsystemThe
polynomialcanbe computedwith Nest .

Short @lest @q, 0, 9D+ Expand, 12D

q+0g® +29® +59* +14g° +42q® +132 q7 +429 q® +1430 g° + 4606 q'° +
14364 g*' +43810 g*? + 131596 g +390964 q'* + 1151240 g*° +

t 2261 +1871297598686042576 2*? +224191664094990368 >+ +
24788919621401424 ¢2* +2514273632010848 %*° +

232268682367776 g%*6 +19378537561280 (%%’ + 1445348279984 (%8 +
95166629216 %*° + 5444445216 g%° + 265070400 25! +

10676064 %2 + 341440 g%5° +8128 q%* +128 g5 + %6

Thefollowing tableshowsthe periodickneadingsequencandthe corresponding
parameteq;
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TableForm @rable @
8admseqPi T, paramPi T es InputForm <, 8i, 1, Length @dmseqD<D,

TableHeadings ® 8None, 8"String ", "Parameter "<<D
String Parameter
LRRRRRRRC - 1.999943521765674
LRRRRRRLC - 1.999491438016398
LRRRRRLLC - 1.9985865888422067
LRRRRRLRC - 1.9972230246965785
LRRRRLLRC - 1.995419032661308
LRRRRLLLC - 1.9931302548789758
LRRRRLRLC - 1.990376381055951
LRRRRLRRC - 1.987004347515047
LRRRLLRRC - 1.983810249999715
LRRRLLRLC - 1.9794575048559522
LRRRLLLLC - 1.97478085890012
LRRRLLLRC - 1.9694191207308984
LRRRLRLRC - 1.9640243368201455
LRRRLRLLC - 1.9573250505356987
LRRRLRRLC - 1.949574903249391
LRRLLRRLC - 1.932243966576094
LRRLLRLLC - 1.9222857782462959
LRRLLRLRC -1.9114446314734534
LRRLLLLRC - 1.9031167730155967
LRRLLLLLC - 1.890775424360235
LRRLLLRLC - 1.8783826015000962
LRRLRLRLC - 1.841288561509693
LRRLRLLLC - 1.8227563224922927
LRRLRLLRC - 1.7858656464106737
LRLLRLLLC - 1.6901422631188634
LRLLRLRLC - 1.6561325625742074
LRLLLLRLC - 1.5956809634397457
LRLLLLLLC - 1.5552827007685832

Example C

We will defineafunctionSort edAdni ssi bl eSequences[ n] returningthe
admissibleperiodickneadingsequencesf lengthn is sortedliexicographicabrder.In
additionwe have associatethesymbols€ and, with thelexicographicabrder.

SortedAdmissibleSeq  uences @_Integer D: =
Sort @senerateAdmissibleKneadingSequences @D,
LGOrderLess @Characters @#1D, Characters @¥2DD &D;

Hereis anexamplewith Sor t edAdni ssi bl eSequences for sequencesf length
15. Thereare1091differentadmissiblesequencesf this length. Thefunctionsortsthese
with respecto thelexicographicabrder.We haveomitted1081stringsin the output:

Short @ortedAdmissibleSeq uences @5D, 6D

{LRRRRRRRRRRRRRIRRRRRRRRRRRRLC
LRRRRRRRRRRRLLERRRRRRRRRRRLRCRRRRRRRRRRLLRC
t 1081% , LRLLLLLLRLRLLLC, LRLLLLLLLLRLLLC,
LRLLLLLLLLRLRLC, LRLLLLLLLLLLRLC, LRLLLLLLLLLLLLC }

We mayusethesymbols€ (Precedesand, (PrecedesSlantEquat)testthe
lexicographicorderof two strings.Theserelationswork on any nonemptystringfrom the
alphabefi_, C, R<. Thestringsneednotto be of equallengthof course:

8"LRC" € "LRLC', "LRLLLLLLLLLLRLC" , "LRC', "CLLRC € "LLR"<

{True , False , False }
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Example D
The bifurcationdiagramin thefigure belowshowsthe attractingsetof the critical orbit.
We cannot seetherepellingperiodicorbitsin this diagram.Thefollowing theorem(the
Sharkovskytheorem)stategherelationshipoetweerco-existing periodicorbitswithout
consideringstability propertiesof theseorbits.

ListPlot @

LogisticBifucationDiagramData @2, -05, 0.004, 0, 500, 400D,
Frame ® True , PlotStyle ® PointSize @.001 DD;

2,

-2 1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6

The Sharkovsky ordering of N. ThenaturalnumbersN is orderedasfollows by @ The
numbersk andn denotenaturalnumbergwith respecto the usualorderingof N), and
the Sharkovskyorderingis givenby:

3@@ @@ @2n+l@ @2x3@2x5@ @
2x (2n+1) @ @'x(2n+1) @ @* @“'@ @@ @al

The Sharkovsky theorem. Let f : 1 ™ | beacontinuougmapof someintervall | R. If

f hasaperiodicorbit of primitive periodn, thenf hasperiodicorbitsof primitive period
m for all m with n @m in the Sharkovskyordering.In particular,if f hasa periodicorbit
of primitive periodthreethenf hasperiodicorbitsof all periods.

Se€g[S], [SMR] or [D] for aproof. As thereferencdS] waswrittenin Russianandthe
resultwasunknownfor alongtime in thewest.A proof of a specialcaseof the
Sharkovskytheoremthetheoremnamed'Period-3 implieschaos'wasgivenin [LY]
wheretheauthorswvasunawareof theresultin [S]. The proofin this caseis however
mucheasiethanthe proof of the Sharkovskyheorem.

Considerthe dynamicalsystenx — x? + g. The Sharkovskyorderingof N hasthe odd
numberq1 excluded)asits greateshumbersn reverseorder,

3@5@7@9 @--- @2n+ 1L @---,n3 1. TheSharkovskytheoremmpliesthatthe
first periodk2 n + 3l-orbit mustcomeinto existencebeforeor atthe sametime (with
respecto the parameterasaperiodk2 n + 1l-orbit asthe parameters variedfrom

g=- 1tog=- 2. Aswe haveseenn our previousexamplegherearemorethanone
admissiblem-periodic kneadingsequencé& m> 3. Letq,, denotethelastoccurrencef
a superstablen-periodic orbit,m anoddnumberfor ql @2, - 1[ with respecto the
usualorderin R. Wewill find thesequence

3 £qs £97£qo £qu £ °
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usingkneadingsequenceandthelexicographicabrder.Notethatthis sequencevill not
give thebifurcationpointsin the parametespacebuttheywill bequitegood
approximationsasthewidth of thewindowscontainingthe attractingperiodicwindows
becomewery narrowattheleft sideof the bifurcationdiagramabove.

Let K beanadmissiblesequencef length2n+ 1 with n> 2. It is easilyshownthatthe
maximalstringsof thislengthareof theform LRL---LC. This meanghatthesecritical
periodicorbitswill bethefirst to appeamwhenmovingin the parameterspadeom the
right to theleft (seethe bifurcationdiagramabove).This factwill saveusalot of
computationsaswe do not haveto usethefunction

Sor t edAdmi ssi bl eSequences. We maysimply generateeachsequenceve need
of length2n+ 1.

Equippedwith thefactthatthe maximaloddkneadingsequenceareof theform

K =LRL---LC we mayeasilygeneratehesefor a consecutivesequencef oddnumbers
andcomputethe correspondingritical parameteusingthe spideralgorithm:

UpperString  @n_Integer D: =

"LR" <> StringJoin @able @L", 8n- 3<DD<>"C";
kns = Table @JpperString @ n+1D, 8n, 1, 20<D,
ind = Map@ength , Map@haracters , kns DD,
sym = Table @ing piT, 8i, 1, Length @nd D<D;
val = Map@riticalParameter @, 600D &, knsD;

TableForm @ranspose @sym, Map@nputForm , val D<D,

TableHeadings ® 8None, 8" Parameter ", "Value "<<D

Parameter Value

Js - 1.7548776662466932
gs - 1.6254137251233038
qz - 1.5748891397523008
Jo - 1.5552827007685832
d11 - 1.547903761803955
J13 - 1.5452017816926567
dis - 1.5442285601195278
di7 - 1.5438809005277097
d19 - 1.5437571734462723
d21 - 1.5437132119079386
d23 - 1.5436976024122815
d2s - 1.5436920614376182
d27 - 1.5436900947470673
J29 - 1.543689396728154
Js1 - 1.543689148991056
J33 - 1.543689061066118
Jss - 1.543689029860556
J37 - 1.543689018785357
J39 - 1.5436890148546478
g1 - 1.5436890134595964

Notethatthe calculationsabovecorrespondso find particularnon-trivial realsolutions
of polynomialsof degreesn therange®?, 24, 26, v, , 240<

Example E
We will considemwhathappensf the spideralgorithmis appliedto anon-admissible

AdmissibleQ @ LRLRC D

False
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In thefollowing computatiorwe applythe spideralgorithmwith this configurationand
we easilyseethatwe shouldainitial spiderof theform8 2, 2, - 1, 1, 0<:

FixedPoint @
RealSpiderMap @Characters @ LRLRCDD, 8-2, 2, -1, 1, 0<D

{- 1.25637 - 0.380321 a&, 0.177448 +0.575325 4,
-1.55588 - 0.17614 &, 1.13337 +0.167784 &, 0.}

We obtainanorbitin C. Evenif we usea differentinitial spiderwe obtainthe sameorbit:

FixedPoint ~@RealSpiderMap @Characters @ LRLRC DD,
Table @Random@real , 8- 2, 2<D, 85<D, 500D

{-1.25637 +0.380321 &, 0.177448 - 0.575325 4,
-1.55588 +0.17614 &, 1.13337 - 0.167784 &, 0.}

This orbit is a critical orbit for the systenz — py HL viewedasa complexdynamical
system.

m Conclusion

Themainimplementationissuein thiswork is nottheimplementatiorof the Spider
Algorithm,whichis trivial to implementputratherto implementlgorithmsto decideif
a givenstring of symbolds compatiblewith the dynamicsof x —» x? + g, andhowa
dynamicalorbit is ordered,usingsymbolictechniquesand howonecanusesymbolic
dynamicgo obtainnumericalresults.Mathematicgprovidesexcellentoolsfor this
purpose.
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