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Introduction

Q-

Neurosurgicabperationgequirevery precisenavigation.Not only duringresection
surgeryof braintumors,alsofor the placemenbf electrodedor the electricalstimulation
of somespecificdeep-brainstructureslin particular.the placemenbdf electrodegor
stimulationof the NucleusSubthalamicu$STN) in the deepbrainmayenableParkinson
patientsto reducetheir spontaneousemor,whichis ofteninvalidatingthem.

Today,with MagneticResonancémagingandComputedl omographyscanner# is
possibleto imagethe patientin threedimensionsat high resolution typically 0.5-1 mm
in eachdirection.

However,it is oftendifficult to find themanyindividual brainnucleion thesescangddue
to thelow contrastandthe noise.The mappingof anelectronicbrainatlason the scans
substantiallyhelpsthe navigation.Theatlasis basedn a meanpatient,andwill notfit
thedata.Soa 3D warpingmethodis necessaryin this paperwe describea warping
basedon anatomicalandmarkregistrationThe 3D deformatiorfield is constructedy
meansf aninterpolationbasedn thin platesplines,a specialform of theradialbasis
functions.In Mathematica the codeis very short,readibleandefficient.
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url ="http : e wwwbmi2. bmt. tue .
nl «image - analysis < People * BRomeny images *";
Show@mport @il <>"0Odin . jpg "D, ImageSize ® 200D;

Fig. 0. OpenMRI ontheneurosurgicatheatreenablesmagingduringsurgery(Medtronic- Odin
N20, MaastrichtUniversity Hospital,the Netherlands).

8th International Mathematica Symposium Avignon, June 2006



Warpinga neuro-anatomyatlason 3D MRI datawith Radial BasisFunctions 3

Show@mport @il <>"Brainatlas .jpg "D, ImageSize ® 400D;

Fig. 0. Electronicbrainatlasmappingon MagneticResonancslices.

a Thin Plate Splines

In orderto warpabrainatlasontoanMRI scanof the brainwe identify socalled
landmarksof which the correspondenceetweerthe atlasandthe scanis known.
Becausf this correspondencee canfind thevectorfield thatcanbe usedfor the
warpingprocedureThevectorfield is found by interpolatingthe know vectorsat the
locationof thelandmarksHencewe first introduceinterpolationof arbitrarily spaced
pointsin multiple dimensions.

Imagineathin metalplateof infinite extentthatis fixed at certainpointsx; = 8¢, y; < at
theheightsf; ,iT | (andneglectgravity). Themetalplatehasa shapesuchthatits
surfaceis minimally bent. Thebendingenergyof sucha platest, ylL equals

() EpendtdL= (), & e +
This is aninstanceof a semi-normproposedy JeanDychon.

In orderto find the shapeof a platethatis fixed atthe pointsmentionecabovewe Wi||A
haveto find the minimizerof equation(1) suchthatthe constraintsskk; L= f; for all i |
I, aremet. The shapecanbe approximatedy finding thats thatminimizes

(2) E(S):iisl ESH(, L- fi E +1 EpenghsL.
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Thefirst partof this convexenergyfunctionalmakessurethe constraintaremetandthe
secondpartsmoothgheresult! T R is a parametethatcontrollsthe quality (deviation
from the constraintspf theapproximationA smallervalueof | resultsin abetter
approximationultimatelyachievinginterpolationwhenl! tendsto 0.

Duchonwasoneof thefirst who recognisedhatthe solutionof thevariationalproblem
canbewrittenin theform
(3) shkkL = _TSIWi f HEE- Xx; HE+ pHL.

I

Here

2 r2¢d Hog@D EvenQ@q- dD_

f @ D= With A8y = 2< §
@ MI=252 aqd 0ddQ@q- dD

is asocalledradialbasisfunction.We negelect), whichis a settingfor theorderof the
normthatwill be minimized.d setsthe numberof dimensionsfor our fiducial metal
plated = 2. pkxl is a polynomialthatlies in the null spaceof the differentialoperatorthat
appearsn thebendingenergy. In ourexampleit thustakestheforma; + a; x + ag y.

In orderto find theinterpolating(or approximatingfunctionof theform of equation(3)
we cansimply solveallinearsystemof equationsLoosly saidwe aresearchindgor the
solutionof
4 LB+| QY- Lf¥

Q Ofa 0f
Here83<|j =fHEE - x; BE 8;)<|'j =4l X, VY <, | istheldentitymatrixand

i0°0 0
0= LO 0 0% Thosew anda thatsolvethelinearsystemof equation(4) canbe

0 0 0f
pluggedinto equation(3) in orderto find the expressiorior the shapewe arelooking for.

The methodpresentedboveis very elegantandeducative However,it is notthe most
efficient way to performthin platesplineinterpolationon non-equispacedridsin the
senseof computationatomplexity.A fastvariationalmulti-level methodis presentedby
Arigovindanet. al. Their methodis ordersof magnitudedasterthanthe schemepresented
here.

Implementation

We implementedhemethodthatis sketechedbovefor a2D metalplatefor N
DimensionsThe moduletakestakesinput similarto the built-in Inerpolationfunction
andreturnsa compiledfunction. Theapproximatioraccuracyis setto afixed valueof |

=10°.

Input:
data=8
&ll Y1, S 8fl S
B, Y, ..<8hg
8(nu yny "'< 8fn<<
<
Output:
A compiledfunction
flx.y,..]®R

insop=  If @VersionNumber< 6.,
<< LinearAlgebra
D
$HistoryLength = 0;
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Off @inearSolve:"luc" D
Off @eneral:" spelll' D
RBFInterpolation @ata_D:=

Module/oM = Length@ataD d = Length@ataPL, 1TDf, | = 10 °,
f = Flatten@ @ataPAll, 2T points = N@ataPAll,, 1TD BMatrix ,
QMatrix , OMatrix , A, b, w, a, function, p, retval, rules, fallback=
H Definition of the RBF asproposedby Duchon*L

2 r20d H E - dD
f @ D= With Ay = 2< & ' og@R. EvenQ@q :
+r2ad 0ddQ@q- dD

H Help mathematicato resolvethis limit . *L
f@D= 0.

H Construct the matrix that should beinverted *L
OMatrix = Table@., 8d+ 1< &+ 1)
BMatrix = Map@
f @orm@D&
Outer@lus, points, - points, 1D
525D
QMatrix = Map@repend@, 1D& , pointsD

H Version 6 wants ArrayFlatten insteadof BlockMatrix *L
A = If AVersionNumber3 6.,

i BMatrix + | IdentityMatrix @D QMatrix
ArrayFlatten s ) §
Matrix OMatrix {
~j BMatrix + | IdentityMatrix @D QMatrix
BlockMatrix . .
QMatrix OMatrix {
E

b = Flatten@ppend@, Table@., & + 14D
H Solvethe linear systemof equationswe just constructed* L
8w, a<= Block@, w, as
x = LinearSolve@, bD B Chop@seudolnvers@DbD L
w = Take@, 81, - Hl + 2l<D
a= Take@, - Hi+ 1D
8w, a<
D

H sometrickery to getthe function to compile correctly. *L
p = Symbolsz Table@p" <> ToString@ 8, d<0
F=Map@H p- # L&, pointsD

function = 8
Table@pRT, _Reak 8, dDQ
Evaluate@.Prepend®, 1D+ w.FD

<
Hdirty .... 0log 0 evaluatesasIndeterminate. A
diry way around this is by looking just nextto it *L
rules = Table@RAT® pRAT+ $MachineEpsilon 8, dD
fallback = 8
Table@pRT, _Reak 8, dQ
Evaluate@.Prepend®, 1D+ w.F e. rulesD
<

retval = CompilezZ function;
retvalP- 1T= Compilezz fallback;
retval

E

Example 1D
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We first showanexampleof interpolationthroughnonequi-spacedoints. Noticethis
canalsobeachievedisingthebuilt-in Interpolationfunctionality. The curveis smooth
andindeedpasseshroughthe pointsit shouldinterpolate.

data =8880<, 80<<, 880.9 <, 81<<,
882.5 <, 81<<, 883<, 82<<, 885<, 81<<<;
f = RBFInterpolation @lata D,
Plot @
f @D,
8x, 0, 5<, Epilog ® 8PointSize @.02 D,
Hue@l. D, Point <z Partition @Flatten @lata D, 2D<D;

25 ¢

0.5 ¢

Example 2D
Someimagecompressiomethodsmployinterpolationasa reconstructioomethod.

Valuesof "important”pixelsareusuallystoredin atreestructurein orderto reduce
overheadAs anexamplewe randomlyselectapproximatelha little bit lessthan14% of
the pixelsof animageof Lena:

= image = Import @ ~< Data *lenal28x128 .bmp'DPl, 1T e N;
8m n< = Dimensions @mage D;

np1= a =0.15 ;
samplepositions = Extract @
Flatten @Duter @Q.ist , Range@D, Range@DD, 1D,
Union @sort @
Table @

8Random@nteger , mnD<
, 8Round@ mnD<
D

DD
D;
values = Transpose @Extract @mage, samplepositions D<D;
data = N@JapThread @Q.ist , 8samplepositions +0.2 , values <DD;
enth @alues D

mn
"% of the pixels of the original image . "E;

100. ,

Print A"Using ",

Using 13.9221 % of the pixels of the original image .

A visualisationof the selectedsampless shownbelow.
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inss:=  SetOptions  @istDensityPlot , Mesh ® False ,
PlotRange ® 80, 254<, Frame ® False D;
ListDensityPlot @
SparseArray @
samplepositions ® Flatten @alues D, Dimensions @mage D, 254
D

D;
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ins7)=  interpolatedimage = RBFInterpolation @lata D;
ListDensityPlot @
Table @
interpolatedimage @, yD,
8x, 1, 128<, 8y, 1, 128<
D
D,

Thereconstructeémageclearly showsthe faceof lena. Theedgesarenotvery sharp,
which resultsin poorperceptuatjuality. Off courseonecannotexpectsharpedgesvhen
interpolatingrandomsampleswith the smoothestunctionpossible More sophisticated
interpolationmethodgemploying,for example anisotropicnon-linear diffusion) or
smartersampleselectiorsignificantlyincreasehe quality of thereconstructe@mageat
low compressiomates.

a BrainWeb Reference Points
a Talairach Reference Points
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