NonseparableD
Waveletrilters

Susumu Sakakibara

School of Infromation Environment, Tokyo Denki University, Muzaigakuendai 2—-1200,
Inzai—city, Chiba—ken, Japan 270-1382
susumu @sie.dendai.ac.jp

In order to improve nonisotropic nature of the conventional tensor DWT on images
[1], we have constructed new 2D nonsepar able biorthogonal wavelets[3,4]. Filters
are defined on theregular triangular Bravais|lattice, which are constructed by
lifting [2] polyphase componentsin a symmetrical arrangement. A nobel feature of
our construction isthat therearefour independent sulattices, which correspondsto
the even and odd indexed phasesin the 1D polyphaser epr esentation.
Correspondingly, thereare one L P filter and three HP filters. We show some details
of construction of thelinear prediction triangular filters, and application to asimple
image data. L norm isevenly distributed over three detail components, implying
that the isotropy of images are well respected.
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m Discrete Wavelet Transform (DWT)

A single decomposition step of DWT of 1D data with size 2/ is realized by the following
Mallat matrix:

me:= MallatMatrix[j _, s_]1:=Join[
Tabl e[h[Md[k -21, 21 1-5s7, {1, 0, 2071 —13}, {k, s, 2] -1+s}],
Table[g[Mod[k -21, 2i 17, {I, 0, 2i-Y ~1}, (k, 0, 21 -1}]71;
Mal latMatrix[j _1:=MallatMatrix[j, 0]

which performs a filtering followed by downsampling with LP filter h and HP filter g.
For example, consider DWT of the data of size 23

7= Si npl eDat alD = Tabl e[a[k], {k, 0, 7}]
our= {a[0], a[l], a[2], a[3], a[4], a[5], a[6], a[7]}

with the Haar filters

mgr= Cl ear [h, g]; h[0] =h[1] =1/\/3; hik_1:=0;
g[n_1:=0; g[0]:=-h[0]; g[1]:=h[1]

The Mallat matrix in this size is
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mop= Mal | at Matrix[3] // MatrixForm
1 1
= = 0 0 o0 0 o0 0
1 1
o 0 5 5 0 0o 0 0
1 1
° ° 0 ° 7T = O 0
0 0 0 0 0 0 11
Out[9)//MatrixForm= 1 1 2 J2
7 7 ° o 0 o o0 0
1 1
o 0 -5 0 0 o0 0
1 1
° ° 0 ° -7 w= O 0
1 1
° ° 0 o 0 0 -7 7

By multiplying this Matrix to the data vector yiels the DWT decompotion

o= Mal | at Matri x[3]. si npl eDat alD
oo {2101, 2[1) 2[2]  a[3) al4)  a(s) als) a7
al0] ~a[l] a[2] a[3] a[4] a[5] _a[6] a[7]

- + , - + , - + , - +
2 2 2 2 2 2 2 2 }
consisting of coarse and detail components of size 22 = 4, respectively. The inverse
transform, reconstruction, is of course realized by the inverse matrix

1= Expand[l nverse[Mal |l at Matri x[3]]. % == si npl eDat alD
outj11]= True

For 2D image data

in12:=  si npl eDat a2D=Tabl e[b[n, m], {m 0, 3}, {n, 0, 3}];

the DWT is usually carried out in the tensor product form,

Mal | at Matri x[2]. si npl eDat a2D.
Transpose[Mal | at Matri x[2]] // Expand

In[13]:=

m Lifting scheme

In the lifting scheme, the DWT decomposition is carried out by the following procedure.
First, the data is decomposed into even and odd indexed samples, the step called the
Lazy transform.

{c, d} = Transpose[Partition[sinpl eDatalD, 2]]

In[14]:=

oupie=  {{a[0], a[2], a[4], a[6]}, {a[l], a[3], a[5], a[7]}}

The d component is subtracted by the predictor, which is assumed to be c in the Haar
case.

mps= d=d-c

ouptsi= {-a[0] +a[l], -a[2] +a[3], -a[4] +a[5], -a[6] +a[7]}

The ¢ component is updated by adding d/2 so that the total of ¢ will be normalized to be a
half of the original a.
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mel= c=c+d/2

oufis=  {a[0] +% (-a[0] +a[l]), a[2] +

al4] « 5 (-a[4] +a[5]), a[6]

+

N| = N -

Finally, the result is normalized as

ma7=  {c, d} = {ﬁc, d/\/?} // Expand
- Ha[O] . afl] af?] . a[3] af4] . a[5] a[6] . a[7]}
V2o N2 N2 W2 N2 2 W2 V2
{_a[O] . a[l]  a[2] . a[3]  af4] . a[s]  af6] . af7] 1
so that the total energy is the same as the original signal a.
Expand[Total [c"2 +d”~2]] == Tot al [si npl eDat alD" 2]

In[18]:=

outj18]= True

m Linear Prediction Filters
In the lifting scheme, the linear prediction filters are obtained by modifying the predicter
and updator as
inii9l=  {c, d} = Transpose([Partition[sinpl eDatalD, 2]1;

mzo;= d =d - (c + RotateLeft [c]) /2

oup- {a[0] + 5 (a[1) + 5 (-a[0] -a[2]) + 5 (-a[0] -al6]) +a[7]],
al2] + ¢ (all] + 5 (-a[0] -a[2]) +a[3] « 5 (-a[2] -a[4]) ],
al4)+ g (al3]+ 3 (-a[2)-al4]) +a[5) + 5 (-al4] -a[6])),
al6] + 3 (al5) « 5 (-a[0) -al6]) + 5 (-al4] -a[6]) +a[7] )]
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ne2r= {c, d} = {'\/—é—c, d/’\/—é—} // Expand

w2z HSa[O} . a[l] af2] af6] . a[7)
22 242 42 42 242
a0] a[l] 3al2] a[3] a[4]
Tav2 242 242 242 a2
ar2] a[3] 3al4] arbh] a[6]
T42 242 242 22 a2
~af0]  af4] . a[5] . 3a[6] . a[7] }
4+2 4+2 2+2 242 2427
a[o] afl] a[2] a[2] a[3] af4]
C2va TV 2wz 2ve vz 2wz
af4] a[s] a[6] a[o] a(6] al7]

ovz vz 2z 2vz 2y vz )

This is the decomposed coarse ¢ component and detail d component, by the linear
predition filter, usually called CDF(2,2).

By replacing a[k] by the following way, we obtain the transfer function of the LP filter h
and the dual HP filter g.

ma= A[Xx_] =c[2] /. {a[n_] » Exp[-i (n-2) x]}
8_2“ QZE‘X @—s‘x eix 3

- - + + +
442 a2 22 242 242

4= §[X_1 =d[2] /. {a[n_] » Exp[-4 (n-2) x]}

out[23]=

6—2 iX 1 e—x‘ X

“o0VZ 2vz V2

The filter coefficients may bo obtained similarly.

out[24]=

mnizs;= C ear [h, g]; h[k_]:=0;
{h[-21, h[-11, h[0], h[1], h[2]} = Li st eec[2] /. a[k_] =1

{_ 1 1 3 1 ~ 1 }
4+2 " 2+27 242" 22" 4.2
m2el:= g[k_1:=0; {g[0], g[l], g[2]} =List eed[l] /. a[k_]1 =1

out[25]=

1 1 1
Loy vz 27!

Thus, the Mallat matrix with these filters is

out[26]=

n271= Mal latMatri x[3, 2] // Matri xForm

3 1 1 1 1
22 22 4?2 0 0 0 VNG 22
1 1 3 1 1 0 0
T a2 22 22 22 442
0 0 1 1 3 1 1 0
N 22 22 22 42
1 0 0 0 1 1 3 1
Out[27]//MatrixForm= 4 \F 1 1 4v2 22 232 232
57 v aw © 0 0 0 0
1 1 1
0 0 3 T -7 0 0 0
1 1 1
0 0 0 0 -3 T - 0
1 1 1
77 0 0 0 0 0 "I T
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m Bravais Lattice

In order to construct our filters on the regular triangular lattice, let us define the primitive
translation vectors
in2el= t [0] = {0, O}; t [1] = {1, O};

t[2] ={-1/2, V3 /2}; t[3] = -t [1] -t [2];

which generate the trianglar lattice called the Bravais lattice in two dimension. The 2
dimensional signal c is assigned on the lattice sites

o= Clear [c]; lattice=Table[c[n, m], {n, 4, -3, -1}, {m -4, 3}];
Mat ri xForm[l attice]

cl[4, -4)] c[4, -3] cl[4, -2] c[4, -1] c[4, 0] c[4, 1] cl[4, 2] c[4, 3]

c[3, -4)] c[3, -3] c[3, -2] c[3, -1] c[3, 0] c[3, 1] c[3, 2] c[3, 3]

c[2, -4] c[2, -3] c[2, -2] c[(2, -1] c[2, 0] c[2, 1] c(2, 2] c[2, 3]

) c[l, -4] c[l, -3] c[l, -2] c[l, -1] c[l, 0] cll, 1] c[l, 2] c[l, 3]
outoyMatrixForm= | o 1547 (0, -3] c[0, -2] c[0, -1] ¢c[0, 0] «¢[0, 1] ¢[0, 2] ¢[0, 3]
c[-1, -4] c¢[-1, -3] c[-1, -2] c[-1, -1] c[-1, O] «c[-1, 1] c[-1, 2] c[-1, 3]

c[-2, -4] c¢[-2, -3] c¢[-2, -2] c[-2, -1]) c[-2, 0] c[-2, 1] c[-2, 2] c[-2, 3]

c[-3, -4] c¢[-3, -3] c¢[-3, -2] c¢[-3, -1] c¢[-3, 0] c¢[-3, 1] c[-3, 2] c[-3, 3]

where, the value of the signal at the site m t[1] + n t[2] is denoted by c[n, m]. The lattice
together with the primitive translation vectors are plotted as

nBoi= plattice=lattice/. c[n_, m]-»Point [mt[1] +nt[2]];

1= pCell [n_, m]:=Line[{nt[1] +mt[2], (n+1)t[1] +mt[2],
(n+1) t[1] + (m+1)t[2], nt[1] +mt [2]}]

in32:= Show[

G aphi cs[{RGBCol or [0. 6, 0.1, 0], Tabl e[pCel | [n, m], {n, -5, 3},
{m -4, 431, {GaylLevel [.25], PointSize[0.04], plattice},
{Thi ckness[0. 0065], RG&Col or [0, O, 1], Arrowf[t [0], t [1]],
Arrow[t [0], t [2]], Arrow[t [O], t [3]]1}},

Aspect Rati 0 » Automati c, Axes -» Autonati c,

Pl ot Range » {{-3.2, 2.4}, {-3.1, 2.8}},

AxesLabel - {"x", "y"}11;
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It is crucial to observe that the lattice sites may be devided into four independent
sublattices, each of which is obtained by shifting zero or one unit of primitive translation
vectors followed by scaling the original lattice by factor of two. To show this, we define
the function that splits the lattice sites into the four sublattices.
in33:= Lazy[mat _] : = Modul e[{si ze}, size =Length[nmat];

{Take[mat, {1, size, 2}, {1, size, 2}1,

Take[mat, {1, size, 2}, {2, size, 2}],

Take[Rot at eRi ght [mat ], {1, size, 2}, {1, size, 2}],

Take[Rot at eLeft [Map[Rot at eRi ght, mat ]1,

{1, size, 2}, {1, size, 2}1}]

It is easier to understand the four sublattices by plotting them in different colors.

in;34:= Modul e[ {l azyLattice}, |azyLattice =Lazy[plattice]; allSites =
Graphi cs[{GayLevel [. 3], PointSize[0.035], plattice}l;
sites0 = G aphi cs[{Poi nt Si ze[0. 02], lazyLattice[[1]]1}];
sitesl = Gaphics|[
{Poi nt Si ze[0. 02], RGBCol or [1, 0, O], lazylLattice[[2]]}];
sites2 = G aphi cs[{Poi nt Si ze[0. 02], RG&Col or [0, 1, O],
| azylLattice[[3]1]1}]; sites3 =G aphics|[
{Poi nt Si ze[0. 02], RGBCol or [0, O, 1], lazylLattice[[4]1]1}]; 1;

ini3si:= Show[{al | Sites, sitesO (»x Gay *), sitesl
(» Red %), sites2(x Geen %), sites3 (» Blue %)},
Aspect Rati o » Automati c, Axes » Automaticl;

® © ®© ® & © . o
O @€ O @ O O o e
EEEEENXXK)
© 6 0 06 0!/ O ©
-6 : : 4
© 6 0 6,0 © O ©
® 6 ¢ 0 & 0 @ O
o 6 0 e o0 &6 0 o

The unshifted sublattice (black dots), the t[1] shifted sublattice (red dots), the t[2] shifted
sublattice (green dots), the t[3] shifted sublattice (blue dots) add up to form the original
lattice (gray circles). These sublattices correspond to the even and odd phases of 1D data
vectors.

m Triangular Filter

In order to extend the same steps as in the 1D linear prediction filters, let us define the
functions that shift data in three directions.

nge:= Shift [0][m]: =
Shift [1][m_]:=Mp[RotateRi ght, m];
Shift[-1][m_]:=Mp[RotateLeft, m];
Shift [2][m ] : = RotatelLeft [m];
Shift [-2][m_] : = Rot at eRi ght [m];
Shift [3][m_]: = RotateRi ght [Map[Rot ateLeft, m]1;
Shift [-3][m_] : = RotatelLeft [Map[Rot at eRi ght, m]1;
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The triangular decomposition of the 2D data is carried out by the function

n@3k= Tri Twi st DWI[dat a2D_] : = Modul e[{cO, d1, d2, d3, tdl, td2, td3},

{c0, tdl, td2, td3} = Lazy[data2Dj;
dl=-tdl+td2+td3; d2=tdl-td2 +td3;
d3=tdl+td2-td3; d1=dl- (cO+Shift[-1][c0]) /2;
d2 =d2 - (cO+Shift[-2][c0]) /2;
d3 =d3- (cO+Shift[-3]1[c0])/2; cO=cO+
(d1 +Shift[11[d1] +d2 +Shift [2][d2] +d3 +Shift [3][d3]) /8;
{2¢c0, d1/2, d2/2, d3/2} // Expand]

which is essentially a straightforward generalization of the 1D DWT, except for the twist
of three detail components in the third line of the above definition. Without the twist, we
would get TriStraightDWT, but in this paper I would like to confine myself to the twisted

version. As always, the inverse transform is given by tracing the same operations
backward.

The data on the lattice is decomposed by the function TriTwistDWT.

nf44= dwt = Tri Twi StDWI'[l attice];

which consists of four components, LP and three HP components. When the data c[n, m]
are replaced by exponetials, the four components yields the transfer functions of LP and
three HP filters. There are four LP transfer functions in the first element, which are all

equivalent due to periodicity. By choosing an appropriate one, which turns out to be the
(3,3) element here, they are

In[45]:= ﬁ[x_, y_1-=
dwt [1, 3, 3] /. c[n_, m]->Exp[-im{x, y}.t[1] -4in {X, y}.t[2]]
5 e X etx . ) 1 (Viy x 1 .(viy x
oupssl= — + e L s R b
4 4 4 8 4 4
L8 _ L sy _ L (g L )
8 8 4
) x 1 AL x . (V3 . (V3y x
_etxﬂ( ;y—y) +_@35X+£( y—y) e—ZIX—ZI( ZY—T) +_e—3xx—25(#—7) +
4 4 8 4
_l_e—sx+2s(‘/§y—;) _1_€2¢x+2i( -3 +ie—2ix—3i(€y—;) +lfs‘x+3f(‘€y—§)
4 8 4 4
nael= §[11[X_, y_] =
dwt [2, 3, 3] /. c[n_, m]->Exp[-im{x, y}.t[1] -4in {x, y}.t[2]]
1 e ix 1 . 1 (Viy x 1 . . (VFy x
outiaels —— — —— — — g 2% +—e_§( ~-3) +—@,“(H( )
4 2 4 2
na7:= §L2]1[X_, Y_1 =
dwt [3, 3, 3] /. c[n_, m]->Exp[-im{x, y}.t[1] -dn {X, y}.t[2]]
1 e iX 1 . (Viy «x 1 (VEy X I (Y x
ouen — -+ — —?e_R(T_T) —Ze_h( -7) 4 = ()
nigl= §[31[x_, y_] =
dwt [4, 3, 31 /. c[n_, m]->Exp[-im{x, y}.t[1] -4in {x, y}.t[2]]
1 —E£X 1 (V3y x o (V3y x 1 ) (V3y x
ouslE — — + e +—€_£( ;y—f) __@LX—H(#—T) ——625X+2[( ;y—y)
4 2 2 2 4

The array of filter coefficients on the lattice can by visulized as
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9= Fi |l ter Coeffs[expr_]:=Mdul e[{expl, coef},
expl = Appl y[List, expr]; coef =expl /. {x -0, y -»0};
expl = Expand[Power Expand[i Log[expl /coef1]1];

coef = Transpose[{coef,

Transpose[{expl /. {x -1, y -0}, expl /. {x>0, y->1}3}1}1;

Map[Text [#[[1]1]1, #[[2]11] & coef]]

miso}=  Show[Gr aphi cs[{{G ayLevel [. 92], PointSize[0. 1],
Tabl e[ {{R&BCol or [. 6, .1, 0], pCell [n, m},
Point [nt [1] +mt [2]]}, {n, -5, 6}, {m -4, 3}1},

FilterCoeffs[f[x, y1]}, AspectRatio- Automati c,

Axes -» Automatic, Ti cks -» None,

Pl ot Range » {{-4, 4}, {-3, 3.2}},

AxeslLabel - {"x", "y" }]];

y

N /N /N /N /IN./ N /N /N /

_ - __1_
8
N\ / \N_/ N / N\ _/
oo 1]
4 4
/N / N / N / \
o1 1 5
8 4 4
\ / N / N [/ N\ [/
oo r 0 1]
4 4
/N / N / N\ / '\
N
8
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In[51]:= Show[G aphi cs[{{Gr aylLevel [.92],

Poi nt Si ze[0. 117,

Tabl e[ {{RGBCol or [. 6, .1, 0], pCell [n, m]},
Point [nt [1] +mt [2]]}, {n, -5, 6}, {m -4, 3}1},
FilterCoeffs[§[2][x, Y]]}, AspectRatio - Automatic,

Axes -» Automatic, Ti cks -» None,
Pl ot Range -» {{-4, 4}, {-3, 3.2}},

AxesLabel - {"x", "y"}]];

N /N /N /\ /

/N /N /N ./ A\
- - - 1_
4
N/ N /N /N
B . _ 1
2
/N /N / N /A
N/ N /N N/
B B . 1
2
/N /N 7/ N /N
/N /N N/

y
N /N /N N/
/N / N / N / \
N\ / N / N / \ /
/N _/ N / N / \
4% 4 4 4
i 2
N\ / N / N / \ /
/N / N / N / \
N\ / N / N / \ /

The other HP components are 120 degrees rotation of the last one. The 3D plot of fis

ms2i= Pl ot 3D[Abs [A[x, y1], {x, -2, 2mn},
, Mesh - Fal se];

{y, -2xn, 2rx}, PlotPoints - 100
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m Image Processing

ins3:= ShowPyram d[dwting ] : =
Modul e[ {grf}, grf = Show[DensityG aphi cs[#, Mesh - Fal se,
Frane -» None, Displ ayFunction-ldentity]] &/edwt i nyg;
Show[G aphi csArray[Partition[grf, 2], G aphi csSpacing-0,
Di spl ayFuncti on - $Di spl ayFuncti on]]]

ins4:=  LINor m[dwt i ng_] : = Modul e[ {en},
en =Map[Total [Flatten[Abs[#]]1] & dwting] // N, en/Total [en]]

Let us consider a sample image

= gCi rcIe:Wth[{rg:S}, Densi t yPl ot [Sin[x2 +y2]6,
{x, 0, rg}, {y, 0, rg}, PlotPoints - 256, Mesh - Fal se]];

3

2.5

1.5

0.5

0O 05 1 1.5 2 2.5 3

ins6:= dwt Tri Circle =Tri Twi st DM [gCi rcl e[111;

The coarse (upper left) and three deail images are

8th International Mathematica Symposium Avignon, June 2006



Nonseparabl@D Wavelet-ilters 11

in57:=  ShowPyram d[dwt Tri Circle]; eCircle =L1INormidwt Tri Crcl e]

DA

)

oufs7= {0. 867152, 0. 0496598, 0. 0492033, 0. 0339844}

where the last line gives the corresponding normalized L' norm. Note that the norm of
three detail components are roughly the same, implying that the decomposition is
isotropic. On the other hand, in the conventional tensor form of DWT, the LL, LH, HL,

HH components bocome

mse:= T = Mal |l at Matri x[8, 27;

dwt Tensor =
First [Map[{SubMatri x[#, {1, 1}, {128, 128}], SubMatri x [#,

{1, 129}, {128, 128}], SubMatrix[#, {129, 1}, {128, 128}],
SubMatri x [#, {129, 129}, {128, 128}]1} &,
{T.gC rcl e[l]. Transpose[T1}11;

ineo:=  ShowPyr am d[dwt Tensor ]; eGircl eTensor = L1Nor m[dwt Tensor ]

N

oueol=  {0. 992424, 0.00377142, 0. 00377142, 0.0000334818}

We see that the HH components carries much less energy compared with LH and HL
components. It becomes clear when the normalized L! norm of the three detail
components are compared. The blue bar corresponds to our triangular DWT.
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ine11= Bar Chart [Rest [eCircl eTensor], Rest [eCircle]];

0. 05¢

0. 04

0.03;

0.02;

0.01;

m Conclusion

It is shown that filters defined on the Bravais lattice appears very promising for image
processing, but their implementation involves rather delicate data manipulations, such as
the distinction between RotateRight, Rotatel eft. In the above method, the same definition
is used in sereral places, in producing expressions and plots, thereby consistency will be
checked. Such a proceedure is certainly one of the strongest features of Mathematica.

As mentioned in the text, there are straight (untwisted) version of the DWT, and many
other generalizations to filters other than linear prediction filter. The inverse transform in
any case is realized by taking the reverse steps of lifting, and hence it is easy to
implement. With such tools at hand, we can investigate image processing of various
types of images, including textures, bounded variation, etc. It would also be interesting to
visualize the corresponding scaling function and wavelets, and study their regularity.
Such investigations are currently under study, which are not duscussed here, due to space
limitations.
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