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Abstract
The use of copulas in the study of Value-at-Risk in competitive markets is a research method which
offers rich possibilities of computer modelling. Application of the theory of statistical distributions
as skewnormal or  Laplace distribution is  one of  the strongest  mathematical  tools  used to study
financial risk. In this paper we compare VaR based on selected copula with different marginals. We
illustrate  how  to  compute  Value-at-Risk  using  Monte  Carlo  simulations  using  Wolfram
Mathematica.

Introduction
Risk managers need to measure the exposure of the portfolios to different risk factors. In standard practice they use Value-at-Risk (VaR)
and Expected Shortfall (ES). Both these measures are multivariate in the sense that they must account for correlation among the losses.
Cherubini et al. (2012) wrote that this practice is obsolete with respect to structured finance products, and correlation products in particu-
lar.  The reasons are: these products are non-linear, so that their value may change even though market prices do not move but their
volatilities are changed. 
Value-at-Risk describes the loss (amount of capital) that can occur over a given period, at a given confidence level, due to exposure to
market risk. The Value-at-Risk measure is defined as quantile of a probability distribution of losses over a given period (see Cherubini et
al. 2012)

qα(X) = inf {x : P(X ≤ x) ≥ α} (1)

where X  is a random variable representing the value of a portfolio of assets or exposures to risk factors. Notice that

qα(X) = FX
-−1(α), (2)

where FX
-−1 denotes the generalized inverse function F-−1: (0,1) → ℝ as 

FX
-−1(x) = inf {l ∈ ℝ : F(l) ≥ x}. (3)

Then, the VaR of an exposure X at confidence level α will be defined as

VaRα(X) = qα(-−X) = F-−X
-−1 (α). (4)

VaR as a risk measure is used not only for financial establishments involved in large-scale trading operations, but also for retail banks,
insurance companies, institutional investors and non-financial enterprises. VaR helps to manage and to measure the market risk of the
portfolio. Every portfolio can be characterised by positions of a certain number of financial market variables (risk factors).To measure
market risk is to quantify the risk of potential losses in the portfolio due to movements of financial market variables (risk factors) that is
the changes in the level (value) or volatility of market prices.
The market variables include interest rates, foreign exchange rates, equities, and commodities. Positions can include cash or derivative
instruments.  Value-at-Risk of the portfolio is then computed from combination of the risks of underlying market variables - risk factors.
Theoretical research that relied to the Value-at-Risk as a risk measurement was introduced by (Jorion, 1997),  (Duffie & Pan, 1997),
(Dowd, 1998, 2002), etc. The wide uses occur from the fact that Value-at-Risk is an easily interpretable summary measure of risk and also
has an attractive explanation, as it allows its users to focus attention on the so-called “normal market condition” in their routine operations.
Value-at-Risk models aggregate the several components of price risk into a single quantitative measure of the potential losses over a
specified time horizon. These models are clearly appealing because they convey the market risk of the entire portfolio in one number.
Moreover, Value-at-Risk measures focus directly, and in currency (euro, dollar, etc.) terms, on a major reason for assessing risk in the first
place: a loss of portfolio value. 
The analysis  of  the risk factors require various levels  of  assumptions as (Jorion,  2009):  the recent  history is  a  good guide to future
movements of risk factors, risk factors are jointly distributed as multivariate normal variables and the distributions have fixed parameters,
mean and standard deviation. These assumptions are simple representations of a complex world. The question is how well they allow the
risk manager to model and measure portfolio risk. Due to contemporary economic conditions current financial markets do not behave
according to these idealized assumptions. In general, if there are known two marginal continuous distributions we cannot derive their joint
distribution (Sklar, 1959, 1996), (Embrechts et al., 2001), (Embrechts et al., 2002), but we can recover a joint distribution using copula
function.  One of the advantages of using copulas is that they isolate the dependence structure from the structure of the marginal distribu-
tions (Sklar, 1959), (Embrechts et al., 2001), (Embrechts et al., 2002), (Cherubini et al. 2004), (McNeil, 2005), (Alexander, 2008), etc. The
marginal distribution may capture different types of symmetries,  asymmetries,  fat  tails  and structural  breaks with strong influence in
estimation results for modeling of the dependence structure.
Nowadays are known many different Value-at-Risk calculation models. In spite of the advantages of these calculation models, Value-at-
Risk is usually a statically calculated risk measurement. In this paper we will interested in estimation of Value-at-Risk using Monte-Carlo
simulations and copula approach. The paper is organized as follow. Next chapter gives review several statistical distributions appropriate
for financial data and introduces copula function used in this paper. Section implementation shows Wolfram Mathematica  commands.
Chapter Results gives our estimation of the Value-at-Risk. Section Conclusion conludes our paper.
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Methods
Marginal statistical distributions

Financial data of the instruments as stock prices, interest rates, currency exchange rates, commodity prices are of great interest to investors
and can be characterized by a high degree of uncertainty, the changes have the potential to generate huge profits or losses. The internet
source of data on stock prices is http://finance.yahoo.com or central banks of countries for example ECB, for interest rates, currency
exchange rates,  etc.  Using command FinancialData it  is  possible to obtain the last  known price or historical  prices or value for the
financial entity specified by "name" in Wolfram Mathematica.  
Now we will review an alternative probability distributions that can be used to model return distributions of the financial instruments. We
will use the log returns from prices as the first difference of the logarithm of the daily prices without dividends.
There exist two common approaches that can be used to model to financial instruments (Maddala & Rao, 1996). The first one describes
underlying stochastic process that generates prices, the second one specifies a statistical distribution of the returns which provides a good
fit to the empirical data. This paper uses models that describe returns using underlying statistical distributions.
Let F(x)  denote the cumulative distribution function corresponding to the random variable X.  The first  four moments of X  are often
involved in the analysis of financial data: mean, variance, skewness and kurtosis. Symmetric distributions are characterized by skewness
equal to zero. The distribution is leptokurtic if data are more concentrated about the mean, it means when having greater kurtosis than the
normal distribution. 
The widely used distributions in financial literature are normal and student’s t distribution. It is known that normal distribution has two
parameters: mean μ (location parameter) and variance σ2 (standard deviation σ is scaling parameter). Student t distribution has the same
parameters as normal distribution with additional parameter ν denoted as the “degree of freedom”. This parameter allows thicker tails than
the normal. Both these distributions are symetric. Skewness of the normal distribution is equal to zero and kurtosis is equal to 3. Student t
distribution is symetric about the origin with kurtosis 3 + 6

ν-−3
.

Since some financial data series are not accurately modeled by the normal distribution we include skew normal distribution and Laplace
distribution in this paper.
Skew normal distribution (Samir, K. Ashour et all, 2010) refers to a parametric class of probability distributions that extends the normal
distribution by an additional shape parameter λ that regulates the skewness allowing for a continuous variation from normality to non-
normality.
Let the probability density function for random variable X with the shape parameter λ be

f (x) = 2 ϕ(x) Φ(λ x) x, λ ∈ ℝ (5)

where ϕ(.) and Φ(.) are the standard normality density and distribution function respectively. 
Moment generating function has the form:

Mz(x) = 2 e
x2

2 Φ
λ x

1 + λ 2

. (6)

The skewness can attain values in the interval (-0.9953, 0.9953) and kurtosis has maximum value 0.869.
The symmetric distribution that enables to model very diverse levels of kurtosis for log returns is known as Laplace distribution (or double
exponential distribution), with location parameter -∞<η<∞ and scale parameter θ>0, with probability density function (Kotz et al. 2001):

f (x) =
e-−

:x-−η;

θ

2 θ
, x ∈ ℝ. (7)

and moment generating function:

Mz(x) =
ex η

1 -− θ2 x2
, -−

1

θ
< x <

1

θ
. (8)

The coefficient of skewness of Laplace distribution is equal to zero. It is symmetric and leptokurtic distribution. It has a large degree of
peakedness as compared to the normal distributions.
All parameters of these distributions can be estimated in Wolfram Mathematica using command EstimatedDistribution. Suitability of the
selected distribution can be tested using DistributionFitTest command.
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Copula Functions
Copula functions express joint distributions of random variable X. Copula enables to separate the joint distribution into marginal distribu-
tions of each variable. Sklar’s theorem (Sklar, 1959) states that any bivariate or multivariate distribution can be expressed as the copula
function C(u1, ..., ui, ..., uk) evaluated at each of the marginal distributions. Using probability integral transform, each continuous marginal
ui= Fi(xi)  has a uniform distribution on I ∈[0,1], where Fi(xi) is the cumulative integral of fi(xi) for the random variable Xi, where Xi
assume values on the extended real line (-∞,∞) (Kumar, P., 2010). The k-dimensional probability distribution function F  has a unique
copula representation:

F(x1, x2, ..., xk) = C(F1(x1), F2(x2), ..., Fk(xk)) = C(u1, u2, ...., uk) (9)

The joint probability density is written as

f (x1, x2, ..., xk) =
i=1

k

fi(xi)⨯C(u1, u2, ...., uk), (10)

where fi(xi) is each marginal density and coupling is provided by the copula probability density

f (u1, u2, ...., uk) =
∂k C(u1, u2, ...., uk)

∂u1 ∂u2 ....∂uk
. (11)

When random variables are independent, C(u1, u2, ...., uk) is identically equal to one. The importance of equation (10) is that the indepen-
dent portion, expressed as the product of the marginal, can be separated from the function C(u1, u2, ...., uk) describing the dependence
structure or shape. 
Note that different copulas produce different joint distributions when applied to the same marginals. Consider two random variables and
assume that we have calibrated their marginal distributions. Now suppose we apply two different copulas and so we obtain two different
joint distributions. So if only one joint distribution exhibits strong lower tail dependence then this distribution should be regarded as more
risky than the one with a weaker, symmetric dependence, at least according to a downside risk metric. Correlation can be expressed as
Pearson correlation coefficient. Pearson correlation coefficient is a measure of linear dependence, and it is defined as covariance divided
by the product of standard deviations, by assuming the data to be normalized to unit variance (Cherubini et al. 2012). Linear correlation
does  not  work  for  different  probability  distributions.  Therefore  we have  used  non-parametric  measures  such  as  Kendall`s  τ  (12)  or
Spearman`s correlation coefficient (rank correlation) (Spearman’s ρ) (13), see  (Alexander, 2008), (Embrechts et al., 2002), etc. Both these
measures can be expressed in terms of copulas:

τ = 4  
I2

C(u1, u2) ⅆC(u1, u2) -− 1 (12)

ρ = 12  
I2

u1 u2 ⅆC(u1, u2) -− 3 (13)

Selection of copula can be made using information criteria as the Akaike information criterion (AIC) or the Bayesian information criterion
(BIC). A smaller relative AIC or BIC represents a better model fit.
A  large  number  of  copulas  have  been  proposed  in  the  literature  (Trivedi  et  al.,2005),  (Embrechts  et  al.,2001),  (Alexander,  2008),
(Cherubini, 2004, 2012), (Kumar, 2010), etc. Now we will discus several copulas that have been frequently used in finance.
Bivariate normal copula is the most important implicit copula. It takes the form

C(u1, u2; θ) = ΦGΦ-−1(u1), Φ-−1(u2); θ, (14)

where Φ is the cdf of the standard normal distribution, and ΦG(u1,u2) is the standard bivariate normal distribution with correlation parame-
ter θ restricted to the interval [-1,1]. Note that the multivariate normal copula has the correlation matrix for parameters. Normal copula is
flexible in that it allows for equal degrees of positive and negative dependences. It has zero or very weak tail dependence and therefore is
not usually appropriate for modelling dependencies between financial assets.
Correlation parameter θ is given as:

θ = sin
π

2
Kendall ' s τ (15)

Student t copula is another implicit copula with ν degrees of freedom and correlation θ derived from a multivariate Student t distribution
function

Cν(u1, u2; θ) = tνtν1
-−1(u1), tν2

-−1(u2); θ, (16)

where tν and tνi  are multivariate and univariate Student t distribution functions with ν, or  νi degree of freedom that controls the heaviness
of the tails and correlation parameter θ.  Note that this copula has symmetric tail dependency that is higher than those in normal copula.
Copula parameters can be calibrated using Maximum Likelihood Estimate (MLE) (see (Alexander, 2008)), when both parameters are
estimated together or it is calibrated only degree of freedom using MLE and as correlation parameter θ is used Spearman’s correlation
parameter:
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θ = 2 sin
π

6
Spearman ' s ρ . (17)

Clayton copula is very popular in finance given explicitly. It takes the form

C(u1, u2; θ) = u1
-−θ + u2

-−θ -− 1-−
1

θ (18)

with the dependence parameter θ restricted on the region (0,∞). As θ approaches zero, the marginals become independent. It has been used
to study correlated risks, it exhibits strong left tail dependence and relatively weak right tail dependence.
The relationship between Kendall’s τ and θ is:

Kendall ' s τ =
θ

θ + 2
(19)

Frank copula takes the form:

C(u1, u2; θ) = -−θ-−1 log 1 +
e-−θ u1 -− 1 e-−θ u2 -− 1

e-−θ -− 1
, (20)

where the dependence parameter θ may assume any real value from (-∞,∞). It means that Frank copula can be used to model outcomes
with strong positive or negative dependence. Frank copula is most appropriate for data that exhibits weak tail dependence compared to the
normal copula and the strongest dependence in middle of the distribution. 
The relationship between Kendall’s τ and θ is:

Kendall ' s τ = 1 -−
4

θ
[1 -− D1(θ)], (21)

where D1(θ) =
1
θ ∫0

θ t
et-−1

ⅆ t is Debye function.
Gumbel-Hougard copula  is given in the following form:

C(u1, u2; θ) = exp-−(-−ln u1)θ + (-−ln u2)θ
1

θ , (22)

where θ∈[1,∞]. θ=1 correspond to independence, θ→∞  correspond to the perfect positive dependence. Gumbel copula does not allow
negative dependence,  but contrast  to Clayton,  Gumbel exhibits  strong right tail  dependence and relatively weak left  tail  dependence.
Gumbel copula is appropriate when risk factors are strongly correlated at high values but less correlated at low values.
Parameter θ is expressed using Kendall’s τ as:

Kendall ' s τ = 1 -−
1

θ
. (23)

Implementation and Results
The analyzed data set is composed of daily close prices for US market indices SP500 and NASDAQ. Analyzed sample period was from
the 1-th of January 2010 until the 31-th of December 2014 in daily frequency. The data was obtained using commad FinancialData. Log
returns was multiplied by 100.
The mean returns of the SP500 and NASDAQ during considered period are 0.00048 and 0.00057 respectively. Their standard deviations
are 0.01009 and 0.01128 respectively (see Table 1). Log returns of the NASDAQ have slightly higher mean of return and volatilities as
SP500. Both log returns market indices exhibit negative skewness. Both series exhibit excess kurtosis. 

Descriptive statistics SP500 NASDAQ
mean 0.00048 0.00057

stand. deviation 0.01009 0.01128
skewness -−0.47712 -−0.42107
kurtosis 7.64933 6.56136

Table 1: Summary statistics on daily log returns SP500 and NASDAQ (1.1.2010-31.12.2014)
Source: Calculated by authors 
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Figure 1: Histograms of log returns SP500 and NASDAQ (1.1.2010-31.12.2014)
Source: Calculated by authors 

We use these data as marginalls and we callibrate parameters of all statistical distributions presented in previous chapter using Estimat-
edDistribution command. The results are shown in Table 2. 

Distribution SP500 NASDAQ
parameter location scale shape,

degree of freedom
location scale shape,

degree of freedom

Normal 0.0475 1.0088  0.0572 1.1272 

SkewNormal 0.8135 1.2666 -−1.1912 0.9245 1.4222 -−1.2100
StudentT 0.0904 0.6305 2.8461 0.1065 0.7747 3.4306
Laplace 0.0723 0.6954  0.1042 0.8005 

Table 2: Estimated parameters of the selected distributions
Source: Calculated by authors

Table 3 shows results of the Kuiper’s test for all estimated distributions. We test whether a given distribution is contradicted by evidence
from a sample of data. From Table 3 is evident that for both time series are apropriate either Student t or Laplace distribution.

Kuiper test SP500 NASDAQ
Statistic P-Value Statistic P-Value

Normal 0.1585 2.829 × 10-−26 0.1431 3.153 × 10-−21

SkewNormal 0.1507 1.165 × 10-−23 0.1326 4.448 × 10-−18

StudentT 0.0379 0.2934 0.0426 0.1412
Laplace 0.0368 0.3386 0.0347 0.4384

Table 3: Test of good of fitness of the selected distributions
Source: Calculated by authors

Figure 2 shows a scatter plot of daily percentage log retuns on the SP500 and NASDAQ indices. Use these data to calibrate normal,
student t-copula, Clayton and Gumbel copula. In each case assume the marginals are normal, skewednormal, Student t  distributed or
Laplace distributed.

-−2 -−1 1 2
SP500

-−3

-−2

-−1

1

2

3

NASDAQ

Figure 2: Scatter plot of log returns SP500 and NASDAQ (1.1.2010-31.12.2014)
Source: Calculated by authors 

Now we calibrate  the  copula  parameters:  Kendall’s  correlation  coefficient  (15),  Spearmann’s  correlation  coefficient  (17),  Clayton  θ
parameter (19) and Gumbel θ parameter (23).  The bivariate student t-copula has two parameters the correlation coefficient and degree of
freedom. We have calibrated these parameters for standardized log returns using MLE (Alexander, 2008) by two approaches:
(i) full MLE – we calibrate both parameters simultaneously using MLE;
(ii) calibrate correlation coefficient first using the relationship (17) with Spearman’s rho and then we use MLE to calibrate degree of
freedom (see program code 1).

(* standardization of the log returns *) 
StdLv1Rtn = (data1 -− Mean[data1]) /∕ StandardDeviation[data1];
StdLv2Rtn = (data2 -− Mean[data2]) /∕ StandardDeviation[data2];

(* student t marginal *)
Kk[ni_] := Exp[Log[Gamma[ni /∕ 2]] *⋆ E^Log[Gamma[(ni + 1) /∕ 2]^(-−2)] *⋆ E^Log[Gamma[(ni + 2) /∕ 2]]] /∕/∕

N

(* student t copula *)
CSt[u_, v_, Rho_, ni_] :=
Kk[ni] *⋆ (1 -− Rho^2)^(-−0.5) *⋆ (1 + (1 -− Rho^2)^-−1 *⋆ ni^-−1 *⋆ (u^2 -− 2 *⋆ Rho *⋆ u *⋆ v + v^2))^

(-−(ni + 2) /∕ 2) *⋆ ((1 + (ni^-−1) *⋆ (u^2)) *⋆ (1 + (ni^-−1) *⋆ (v^2)))^((ni + 1) /∕ 2)

(*⋆ calibration of both parameters *⋆)
Do[b = Log[N[CSt[StdLv1Rtn, StdLv2Rtn, Rho, ni]]], {i, 1, n}]
NMaximize[{Total[b], ni > 2, -−1 < Rho < 1}, {ni, Rho}, Method → "DifferentialEvolution"]

(* calibration of degree of freedom *)
Do[bb=Log[N[CSt[StdLv1Rtn,StdLv2Rtn, RhoS,ni]]],{i,1,n}]
NMaximize[{Total[bb],ni>2},{ni},Method→"DifferentialEvolution"]

5 / 8

12th International Mathematica Symposium, 2015, Prague, Czech Republic



(* standardization of the log returns *) 
StdLv1Rtn = (data1 -− Mean[data1]) /∕ StandardDeviation[data1];
StdLv2Rtn = (data2 -− Mean[data2]) /∕ StandardDeviation[data2];

(* student t marginal *)
Kk[ni_] := Exp[Log[Gamma[ni /∕ 2]] *⋆ E^Log[Gamma[(ni + 1) /∕ 2]^(-−2)] *⋆ E^Log[Gamma[(ni + 2) /∕ 2]]] /∕/∕

N

(* student t copula *)
CSt[u_, v_, Rho_, ni_] :=
Kk[ni] *⋆ (1 -− Rho^2)^(-−0.5) *⋆ (1 + (1 -− Rho^2)^-−1 *⋆ ni^-−1 *⋆ (u^2 -− 2 *⋆ Rho *⋆ u *⋆ v + v^2))^

(-−(ni + 2) /∕ 2) *⋆ ((1 + (ni^-−1) *⋆ (u^2)) *⋆ (1 + (ni^-−1) *⋆ (v^2)))^((ni + 1) /∕ 2)

(*⋆ calibration of both parameters *⋆)
Do[b = Log[N[CSt[StdLv1Rtn, StdLv2Rtn, Rho, ni]]], {i, 1, n}]
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Do[bb=Log[N[CSt[StdLv1Rtn,StdLv2Rtn, RhoS,ni]]],{i,1,n}]
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Program 1: MLE estimation of the parameters for student t copula

Copula parameters value
Kendall' s cor. coeff. 0.940098
Spearman' s cor. coeff. 0.932571
Clayton θ parameter 7.03075
Gumbel θ parameter 4.51538

(degree of freedom, correl. coef) (6.67813, 0.966791
degree of freedom 6.70213

Table 4: Calibrated parameters for copulas
Source: Calculated by authors

 Normal Clayton Gumbel Student t I Student t II

A

B

C

D

Figure 3: Simulation from copulas 3D plot of log returns SP500 and NASDAQ (1.1.2010-31.12.2014)
Marginals: A: Normal, B: Skewnormal, C: Student t and D: Laplace distribution

Source: Calculated by authors 
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Figure 4:  Simulation from copulas Scatter plot of log returns SP500 and NASDAQ (1.1.2010-31.12.2014)
Marginals: A: Normal, B: Skewnormal, C: Student t and D: Laplace distribution

Source: Calculated by authors 

Now consider a portfolio containing these two market  indices.  Using Monte Carlo simulation we estimate the 1% 10-day VaR of a
portfolio with 60% of capital invested in SP500 and 40% in NASDAQ index. Daily VaR of 1% based on different dependence assump-
tions and different marginals are shown in table 5.

Marginals Normal Clayton Gumbel Student t I Student t II
Normal 0.464986 0.392111 0.512091 0.50841 0.519494

Skewnormal 0.566234 0.409836 0.488256 0.529741 0.565441
Student t 0.575578 0.427457 0.657495 0.763477 0.638028
Laplace 0.510376 0.400046 0.546139 0.691075 0.541906

Table 5: 1% 10-day VaR
Source: Calculated by authors

Conclusion
VaR is a quantile risk metric. When returns are normal every quantile is just a multiple of the standard deviation, so in this special case
VaR obeys the same rules as a standard deviation. This paper shows how to select and calibrate appropriate marginals and copulas and
how to compute VaR using Wolfram Mathematica. We have shown how copulas provide a very flexible tool for modelling joint distribu-
tion.
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